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Recently, a novel topological index, Sombor index, was introduced 
by Gutman, defined as 

(ܩ)ܱܵ = ∑ ඥ݀௨ଶ + ݀௩ଶ௨௩∈ா(ீ) , 
where ݀௨  denotes the degree of vertex ݑ . In this paper, we first 
determine the maximum Sombor index among cacti with ݊ vertices 
and ݐ  cycles, then determine the maximum Sombor index among 
cacti with perfect matchings. We also characterize corresponding 
maximum cacti. 
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1. INTRODUCTION  

In this paper, all notations and terminologies can refer to Bondy and Murty [2]. The 
Sombor index and reduced Sombor index are defined as [10] 
(ܩ)ܱܵ                                           = ∑ ඥ݀2ݑ + (ீ)2௨௩∈ாݒ݀ , 

ܱܵ௥௘ௗ(ܩ) = ∑ ඥ(݀ݑ − 1)2 + ݒ݀) − 1)2
௨௩∈ா(ீ) . 

Immediately after, R. Cruz et al. [5] studied the extremal Sombor index among 
unicyclic graphs and bicyclic graphs. The same author also [4] determined the extremal 
Sombor index of chemical graphs. At the same time, using different methods, Deng et al. 
[7] also determined molecular trees with extremal values of Sombor indices. Wang et al. 
[24] obtain the relations between Sombor and other degree-based indices. Liu et al. [17] 
ordered the chemical graphs by their Sombor index. Redšepović [22] studied chemical 
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applicability of Sombor indices. Other results can be found in [1,3,6,9,11–
13,18,19,21,23,25,26].  

Cactus is a graph that any two cycles have at most one common vertex. Denote by 
ऒ(݊, ,ߚऍ(2 ,(ݐ  cycles, the collection of cacti ݐ the collection of cacti with ݊ vertices and ,(ݐ
with perfect matchings, 2ߚ vertices and  ݐ cycles, respectively. There are a lot of research 
about topological indices of graphs with perfect matching or given matching numbers, we 
can refer to [8,15,16,20,25] and references cited therein. In this paper, we first determine 
the maximum Sombor index among cacti ऒ(݊,  then determine the maximum Sombor ,(ݐ
index among cacti ऍ(2ߚ,  .We also characterize corresponding maximum cacti .(ݐ

2. PRELIMINARIES 

 In the following, we give a few important lemmas which will be useful in the main results. 

 

Figure 1. Cacti ܪ(݊, ,ߚ2)∗ܪ and (ݐ  .(ݐ

Lemma 2.1. [10] Let ܩ ∈ ऒ(݊, 0). Then 
(ܩ)ܱܵ ≤ (݊ − 1)ඥ(݊ − 1)ଶ + 1, 

with equality if and only if  ܩ ≅ ,݊)ܪ 0). 

Lemma 2.2. [5] Let ܩ ∈ ऒ(݊, 1). Then 
(ܩ)ܱܵ ≤ (݊ − 3)ඥ(݊ − 1)ଶ + 1 + 2ඥ(݊ − 1)ଶ + 4 + 2√2, 

with equality if and only if  ܩ ≅ ,݊)ܪ 1). 
 
Lemma 2.3. Let ଵ݂(ݔ) = ଶݔ√ + ݀ଶ − ඥݔଶ + (݀ − ଶ , d, r are constants and 0(ݎ < ݎ ≤ ݀. 
Then  ଵ݂(ݔ) is a monotonically decreasing function. 
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Proof. ଵ݂
ᇱ(ݔ) = ௫

√௫మାௗమ
− ௫

ඥ௫మା(ௗି௥)మ
< 0 , thus ଵ݂(ݔ)  is a monotonically decreasing 

function.                                                                                                                                 █ 
Lemma 2.4. Let  ଶ݂(ݔ) = ଶݔ√ݎ + 1ଶ + ݔ) − ଶݔ√(ݎ + 2ଶ + ݔ) − ݔ)ඥ(ݎ − ଶ(ݎ + 2ଶ , r is 
constants and 0 ≤ ݎ ≤  .is a monotonically increasing function (ݔ)Then  ଶ݂ .ݔ

Proof. ଶ݂
ᇱ(ݔ) = ௥௫

√௫మାଵ
+ ଶݔ√ + 4 + ௫(௫ି௥)

√௫మାସ
+ ඥ(ݔ − ଶ(ݎ + 4 + (௫ି௥)మ

ඥ(௫ି௥)మାସ
> 0, thus ଶ݂(ݔ) is 

a monotonically increasing function.                                                                                     █ 
 
Lemma 2.5. Let  ଷ݂(ݔ) = ଶݔ√ݔ + 2ଶ − ݔ) − 2)ඥ(ݔ − 2)ଶ + 2ଶ.  Then   ଷ݂(ݔ)  is a 
monotonically increasing function. 

Proof. ଷ݂
ᇱ(ݔ) = ଶݔ√ + 4 −ඥ(ݔ − 2)ଶ + 4 + ௫మ

√௫మାସ
+ (௫ିଶ)మ

ඥ(௫ିଶ)మାସ
> 0 , thus ଷ݂(ݔ) is a 

monotonically increasing function.                                                                                       █ 

Lemma 2.6. [3,25] Let ܩ ∈ ऍ(2ߚ, 0). Then 
(ܩ)ܱܵ ≤ ߚ)5√ − 1) + ඥߚଶ + 1 + ߚ) − 1)ඥߚଶ + 4, 

with equality if and only if  ܩ ≅ ,ߚ2)∗ܪ 0). 
 
Lemma 2.7. [25] Let ܩ ∈ ऍ(2ߚ, 1). Then 

(ܩ)ܱܵ ≤ ߚ)ඥߚ + 1)ଶ + 4 + ඥ(ߚ + 1)ଶ + 1 + ߚ)5√ − 1) + 2√2, 
with equality if and only if  ܩ ≅ ,ߚ2)∗ܪ 1). 
 
Lemma 2.8. Let (ݔ)݂  = ݔ) − ଶݔ√(1 + 2ଶ + ଶݔ√ + 1ଶ  and ݃(ݔ) = −(ݔ)݂ ݔ)݂ + 1). 
Then  ݃(ݔ) (ݔ ≥ 1) is a monotonically decreasing function. 

Proof. Note that  ݂ᇱ(ݔ) = ଶݔ√ + 4 + ௫(௫ିଵ)
√௫మାସ

+ ௫
√௫మାଵ

 and  ݂ᇱᇱ(ݔ) = ଷ௫ିଵ
√௫మାସ

− ௫మ(௫ିଵ)

(௫మାସ)
య
మ

+

ଵ
√௫మାଵ

− ௫మ

(௫మାଵ)
య
మ

= ଶ௫൫௫మା଺൯ିସ

(௫మାସ)
య
మ

+ ଵ

(௫మାଵ)
య
మ

> 0  for ݔ ≥ 1,  thus ݃(ݔ) ݔ)  ≥ 1) is a monotonically 

decreasing function.                                                                                                               █ 

 

3. MAXIMUM SOMBOR INDEX AMONG CACTI ऒ(࢔,  (࢚

Theorem 3.1. Let ܩ ∈ ऒ(݊, ݊)  (ݐ ≥ 5). Then 
(ܩ)ܱܵ ≤ (݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1 + ݊)ඥݐ2 − 1)ଶ + 4 +         ,ݐ2√2

with equality if and only if  ܩ ≅ ,݊)ܪ  .(ݐ



200                                                                                                                                                                                LIU 

 

Proof. For convenience, we denote  

ܳ(݊, (ݐ ≜ (݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1 + ݊)ඥݐ2 − 1)ଶ + 4 +  .ݐ2√2

In the following we make inductive assumptions about ݊ +  .ݐ

By Lemmas 2.1 and 2.2, the conclusion holds if ݐ = 1  or ݐ = 2 . If ݊ = 5 , the 
conclusion holds clearly. So we only consider ݊ ≥ 6 and ݐ ≥ 2 in the following. ܸܲ(ܩ) 
denotes the set of pendent vertices in ܩ . We call the vertices connected with pendent 
vertices support vertices, denoted by ܵ(ܩ)݌݌ݑ. 

Case 1.  ܸܲ(ܩ) ≠ ∅ . Let ݒ  be a pendent vertex, ܰ(ݒ) = ݓ , 
(ݓ)ܰ = ,ଵݔ,ݒ} ,ଶݔ … {ௗିଵݔ, . ݀௫೔ = 1  for 1 ≤ ݅ ≤ ݎ − 1 , ݀௫೔ ≥ 2  for ݎ ≤ ݅ ≤ ݀ − 1 . 
Let ܩ∗ = ܩ − ݒ − ଵݔ − ଶݔ −⋯− ௥ିଵݔ , then ܩ∗ ∈ ऒ(݊ − ,ݎ  By Lemma 2.3, 2.4 .(ݐ
and 2.5, we have 

(ܩ)ܱܵ  = (∗ܩ)ܱܵ + ଶ݀√ݎ + 1ଶ + ∑ (ට݀ଶ + ݀௫೔ଶ −ට(݀ − ଶ(ݎ + ݀௫೔ଶ )ௗିଵ
௜ୀ௥  

 ≤ ܳ(݊ − ,ݎ (ݐ + ଶ݀√ݎ + 1ଶ + ∑ (ට݀ଶ + ݀௫೔ଶ −ට(݀ − ଶ(ݎ + ݀௫೔ଶ )ௗିଵ
௜ୀ௥  

 ≤ ܳ(݊, (ݐ + ݊)ඥݐ2 − ݎ − 1)ଶ + 2ଶ − ݊)ඥݐ2 − 1)ଶ + 2ଶ 

    +(݊ − ݎ − ݐ2 − 1)ඥ(݊ − ݎ − 1)ଶ + 1ଶ − (݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1ଶ 

ඥ݀ଶݎ+     + 1ଶ + (݀ − ඥ݀ଶ)(ݎ + 2ଶ − ඥ(݀ − ଶ(ݎ + 2ଶ) 

 ≤ ܳ(݊, (ݐ + ݊)ඥݐ2 − ݎ − 1)ଶ + 2ଶ − ݊)ඥݐ2 − 1)ଶ + 2ଶ 

    +(݊ − ݎ − ݐ2 − 1)ඥ(݊ − ݎ − 1)ଶ + 1ଶ − (݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1ଶ 

݊)ඥݎ+     − 1)ଶ + 1ଶ + (݊ − ݎ − 1)(ඥ(݊ − 1)ଶ + 2ଶ − ඥ(݊ − ݎ − 1)ଶ + 2ଶ) 

= ܳ(݊, (ݐ + (݊ − ݐ2 − ݎ − 1)[(ඥ(݊ − 1)ଶ + 2ଶ −ඥ(݊ − ݎ − 1)ଶ + 2ଶ) 

    −(ඥ(݊ − 1)ଶ + 1ଶ − ඥ(݊ − ݎ − 1)ଶ + 1ଶ) 

 ≤ ܳ(݊, ܩ with equality if and only if ,(ݐ ≅ ,݊)ܪ  .(ݐ

Case 2.  ܸܲ(ܩ) = ∅. Suppose that there exists vertices ݒ଴ ଵݒ , ܩ ଶ on a cycle ofݒ , , 
ଵݒ଴ݒ , ଶݒଵݒ  ∈ (ܩ)ܧ (ଵݒ)݀ , = (ଶݒ)݀ = 2 (଴ݒ)݀ , ≜ ݀ ≥ 3 . In the following, we 
classify the circle lengths. 
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Subcase 2.1. The circle length greater than or equal to 4. Let ܩ∗ = ܩ − ଵݒ +  ,ଶݒ଴ݒ
then ܩ∗ ∈ ऒ(݊ − 1,  Then  .(ݐ

(ܩ)ܱܵ = (∗ܩ)ܱܵ + ඥ݀ଶ + 2ଶ + ඥ2ଶ + 2ଶ − ඥ݀ଶ + 2ଶ 

             ≤ ܳ(݊ − 1, (ݐ + 2√2 

              = ܳ(݊, (ݐ + ݊)ඥݐ2 − 2)ଶ + 2ଶ − ݊)ඥݐ2 − 1)ଶ + 2ଶ 

              +(݊ − ݐ2 − 2)ඥ(݊ − 2)ଶ + 1ଶ −(݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1ଶ + 2√2 

              = ܳ(݊, (ݐ + ݊)ඥ]ݐ2 − 2)ଶ + 2ଶ −ඥ(݊ − 1)ଶ + 2ଶ] 

              +(݊ − ݐ2 − 2)[ඥ(݊ − 2)ଶ + 1ଶ − ඥ(݊ − 1)ଶ + 1ଶ] 

              −ඥ(݊ − 1)ଶ + 1ଶ + 2√2  < ܳ(݊,  (ݐ

Subcase 2.2. The circle length equals 3. Let ܩ∗ = ܩ − ଵݒ − ଶݒ , then ܩ∗ ∈ ऒ(݊ −
2, ݐ − 1).  By Lemma 2.3, 2.5, we have 

(ܩ)ܱ  = (∗ܩ)ܱܵ + 2√݀ଶ + 2ଶ + √2ଶ + 2ଶ + ∑ ൬ට݀ଶ + ݀௫೔ଶ −ට(݀ − 2)ଶ + ݀௫೔ଶ ൰
ௗିଶ
௜ୀଵ  

            ≤ ܳ(݊ − 2, ݐ − 1) + 2√݀ଶ + 2ଶ + √2ଶ + 2ଶ + (݀ − 2)(−ඥ(݀ − 2)ଶ + 2ଶ) 
            = ܳ(݊, (ݐ + ݐ2) − 2)ඥ(݊ − 3)ଶ + 2ଶ − ݊)ඥݐ2 − 1)ଶ + 2ଶ 
            + (݊ − ݐ2 − 1)ඥ(݊ − 3)ଶ + 1ଶ − (݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1ଶ 
            + 2√݀ଶ + 2ଶ + (݀ − 2)(√݀ଶ + 2ଶ − ඥ(݀ − 2)ଶ + 2ଶ) 

            ≤ ܳ(݊, (ݐ + ݐ2) − 2)ඥ(݊ − 3)ଶ + 2ଶ − ݊)ඥݐ2 − 1)ଶ + 2ଶ 
            + (݊ − ݐ2 − 1)ඥ(݊ − 3)ଶ + 1ଶ − (݊ − ݐ2 − 1)ඥ(݊ − 1)ଶ + 1ଶ 
            + (݊ − 1)ඥ(݊ − 1)ଶ + 2ଶ − (݊ − 3)ඥ(݊ − 3)ଶ + 2ଶ 

            = ܳ(݊, (ݐ  + (݊ − ݐ2 − 1)[ቀඥ(݊ − 1)ଶ + 2ଶ − ඥ(݊ − 3)ଶ + 2ଶቁ 

            −ቀඥ(݊ − 1)ଶ + 1ଶ − ඥ(݊ − 3)ଶ + 1ଶቁ] ≤ ܳ(݊,   ,(ݐ

with equality if and only if  ܩ ≅ ,݊)ܪ  █                                    .This completes the proof .(ݐ
 

Using a similar way, for the reduced Sombor index, we also have similar result. We 
omit the proof. 
 
Theorem 3.2. Let ܩ ∈ ऒ(݊, ݊)  (ݐ ≥ 5). Then 

ܱܵ௥௘ௗ(ܩ) ≤ (݊ − ݐ2 − 1)(݊ − 2) + ݊)ඥݐ2 − 2)ଶ + 1 +         ,ݐ2√
with equality if and only if  ܩ ≅ ,݊)ܪ  .(ݐ
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4. MAXIMUM SOMBOR INDEX AMONG CACTI ऍ(૛ࢼ,  (࢚

For convenience, we denote Φ(ߚ, (ݐ ≜ ܱܵ൫ߚ2)∗ܪ, ൯(ݐ = ߚ) + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 4 +
ඥ(ߚ + ଶ(ݐ + 1 + ߚ)5√ − ݐ − 1) +  (ݔ)݂,(ݔ)݃ Note that the definition of function .ݐ2√2
has introduced in Lemma 2.8. Suppose ܯ is a perfect matching of ܩ ∈ ऍ(2ߚ,  .(ݐ

In the following Lemmas 4.1, 4.2 and 4.3, we make inductive assumptions about 
ߚ + ݐ By Lemmas 2.6 and 2.7, these conclusions of Lemmas 4.1, 4.2 and 4.3 hold if .ݐ = 0 
or ݐ = 1. If ߚ = ݐ ,3 = 2, the conclusion holds clearly. So, we only consider ߚ ≥ ݐ ,4 ≥ 2 
in the following. 

 
Lemma 4.1. Let ܩ ∈ ऍ(2ߚ, ߚ) (ݐ ≥ (ܩ)ߜ ,(2 ≥ 2. Then ܱܵ(ܩ) < Φ(ߚ,  .(ݐ
 
Proof. Suppose the cycle ܥ = ଶݒଵݒ … ଵݒఒݒ  where 3 ≤ ݀௩భ ≜ ݀ ≤ ߚ + ݐ , ݀௩೔ = 2  for 
݅ = 2,3, … , (ଵݒ)ܰ .ߣ = ,ଶݒ} ,ଵݔ,ఒݒ ,ଶݔ … ∗ܩ ௗିଶ}. Letݔ = ܩ − ∗ܩ ଶ, thenݒଵݒ ∈ ऍ(2ߚ, ݐ − 1) 
and ܱܵ(ܩ∗) ∈ Φ(ߚ, ݐ − 1) . By Lemmas 2.3 and 2.8, we have 

(ܩ)ܱܵ = (∗ܩ)ܱܵ + ඥ݀ଶ + 2ଶ + (ඥ2ଶ + 2ଶ −ඥ2ଶ + 1ଶ) 

            +∑ (ට݀ଶ + ݀௫೔ଶ − ට(݀ − 1)ଶ + ݀௫೔ଶ )ௗିଵ
௜ୀଵ  

            ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 2)ඥ(ߚ + ݐ − 1)ଶ + 2ଶ + ඥ(ߚ + ݐ − 1)ଶ + 1ଶ 
 

ߚ)−             + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ − ඥ(ߚ + ଶ(ݐ + 1ଶ 
ଶݐ√ݐ +            + 2ଶ − ݐ) − 1)ඥ(ݐ − 1)ଶ + 2ଶ 

           = Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) − ݃(݀ − 1) +[ቀ√ݐଶ + 2ଶ −ඥ(ݐ − 1)ଶ + 2ଶቁ 

ଶݐ√)−            + 1ଶ − ඥ(ݐ − 1)ଶ + 1ଶ)]  < Φ(ߚ,  .(ݐ
This completes the proof.                                                                                                      █ 
 

The support vertices are the vertices connected with pendent vertices. 
 

Lemma 4.2. Let ܩ ∈ ऍ(2ߚ, ߚ) (ݐ ≥ (ܩ)ߜ ,(2 = 1 and there exists a support vertex  ݑ with 
degree 2 of the corresponding pendent vertex ݒ. Then ܱܵ(ܩ) ≤ Φ(ߚ,  with equality if ,(ݐ
and only if ܩ ≅ ,ߚ2)∗ܪ  .(ݐ
 
Proof. Let ܰ(ݑ) = (ݓ)ܰ ,{ݓ,ݒ} = ,ଶݔ,ଵݔ,ݑ} … , ௥ݔ ,௥ାଵݔ, … ௗିଵ}. ݀௫೔ݔ, = 1 for 1 ≤ ݅ ≤  ,ݎ
݀௫೔ ≥ 2  for ݎ + 1 ≤ ݅ ≤ ݀ − 1 . For convenience, denote ݀௪ = ݀.  Let ܩ∗ = ܩ − ݒ − ݑ , 
then ܩ∗ ∈ ऍ(2ߚ − 2,  By Lemmas 2.3 and 2.8, we have .(ݐ
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(ܩ)ܱܵ   = (∗ܩ)ܱܵ + ∑ ൬ට݀ଶ + ݀௫೔ଶ −ට(݀ − 1)ଶ + ݀௫೔ଶ ൰
ௗିଵ
௜ୀ௥ାଵ  

ଶ݀√)ݎ +               + 1ଶ − ඥ(݀ − 1)ଶ + 1ଶ)+ √݀ଶ + 2ଶ + √2ଶ + 1ଶ 

                ≤ Φ(ߚ − 1, (ݐ + (݀ − ݎ − 1)(ඥ݀ଶ + 2ଶ − ඥ(݀ − 1)ଶ + 2ଶ) 
ଶ݀√)ݎ +                 + 1ଶ − ඥ(݀ − 1)ଶ + 1ଶ)+ √݀ଶ + 2ଶ + √2ଶ + 1ଶ 
              = Φ(ߚ, (ݐ + ߚ) + ݐ − 2)ඥ(ߚ + ݐ − 1)ଶ + 2ଶ + ඥ(ߚ + ݐ − 1)ଶ + 1ଶ 
ߚ) −                 + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ − ඥ(ߚ + ଶ(ݐ + 1ଶ 
               + (݀ − ݎ − 1)(√݀ଶ + 2ଶ − ඥ(݀ − 1)ଶ + 2ଶ) 

ඥ݀ଶ)ݎ +                 + 1ଶ − ඥ(݀ − 1)ଶ + 1ଶ) + ඥ݀ଶ + 2ଶ 

                = Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) + ඥ݀ଶ)ݎ + 1ଶ − ඥ(݀ − 1)ଶ + 1ଶ) 
                + (݀ − ݎ − 1)(√݀ଶ + 2ଶ −ඥ(݀ − 1)ଶ + 2ଶ) +  √݀ଶ + 2ଶ. 
Since ܩ ∈ ऍ(2ߚ, ݎ then ,(ݐ ≤ 1. We consider the following two cases. 

Case 1. ݎ = 0.  

(ܩ)ܱܵ ≤ Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1)  + (݀ − 1)(ඥ݀ଶ + 2ଶ −ඥ(݀ − 1)ଶ + 2ଶ) 
            + √݀ଶ + 2ଶ 
             = Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1)− ݃(݀ − 1) + [(√݀ଶ + 2ଶ − ඥ(݀ − 1)ଶ + 2ଶ) 

             −(√݀ଶ + 1ଶ − ඥ(݀ − 1)ଶ + 1ଶ)]  < Φ(ߚ,  .(ݐ
Case 2. ݎ = 1. 

(ܩ)ܱܵ ≤ Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) + (ඥ݀ଶ + 1ଶ −ඥ(݀ − 1)ଶ + 1ଶ) 
            +(݀ − 2)(√݀ଶ + 2ଶ − ඥ(݀ − 1)ଶ + 2ଶ) + √݀ଶ + 2ଶ 
            = Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) − ݃(݀ − 1)  ≤ Φ(ߚ,   ,(ݐ

with equality if and only if ܩ ≅ ,ߚ2)∗ܪ  █                                 .This completes the proof .(ݐ
 
Lemma 4.3. Let ܩ ∈ ऍ(2ߚ, ߚ) (ݐ ≥ (ܩ)ߜ ,(2 = 1 and the degrees of all support vertices 
are at least 3. Then ܱܵ(ܩ) ≤ Φ(ߚ, ܩ  with equality if and only if ,(ݐ ≅ ,ߚ2)∗ܪ  .(ݐ
 
Proof. Suppose ܥ = ଶݒଵݒ … ଵݒఒݒ  is such a cycle that ݒ௜(2 ≤ ݅ ≤ (ߣ  does not on other 
cycles of ܩ , i.e., ݀௩೔ = 3 ݎ݋ 2  for 2 ≤ ݅ ≤ ߣ . 3 ≤ ݀௩భ ≜ ݀ ≤ ߚ + ݐ . Without loss of 
generality, suppose ݒଵݒଶ ∉  .In the following, we classify the circle lengths .ܯ

 
Case 1. The circle length equals 3. Let ܰ(ݒଵ) = ,ଶݒ} ,ଷݒ ,ଶݔ,ଵݔ … , ,௥ାଵݔ,௥ݔ … ,  {ௗିଶݔ
where ݎ = ௫೔݀  ,1 ݎ݋ 0 = 1 for 1 ≤ ݅ ≤ ௫೔݀ ,ݎ ≥ 2 for ݎ + 1 ≤ ݅ ≤ ݀ − 2. 

Subcase 1.1. ݀௩మ = ݀௩య = 2.  Let ܩ∗ = ܩ − ଶݒ − ∗ܩ ଷ, thenݒ ∈ ऍ(2ߚ − 2, ݐ − 1) and 
(∗ܩ)ܱܵ ≤ Φ(ߚ − 1, ݐ − 1) .  



204                                                                                                                                                                                LIU 

 

(ܩ)ܱܵ   = (∗ܩ)ܱܵ + ∑ (ට݀ଶ + ݀௫೔ଶ −ට(݀ − 2)ଶ + ݀௫೔ଶ )ௗିଶ
௜ୀ௥ାଵ  

ଶ݀√)ݎ +               + 1ଶ −ඥ(݀ − 2)ଶ + 1ଶ)+ 2√݀ଶ + 2ଶ + √2ଶ + 2ଶ 
               ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 3)ඥ(ߚ + ݐ − 2)ଶ + 2ଶ + ඥ(ߚ + ݐ − 2)ଶ + 1ଶ 
ߚ) −                + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ − ඥ(ߚ + ଶ(ݐ + 1ଶ 

               +∑ ൬ට݀ଶ + ݀௫೔ଶ −ට(݀ − 2)ଶ + ݀௫೔ଶ ൰
ௗିଶ
௜ୀ௥ାଵ  + ଶ݀√)ݎ + 1ଶ 

               − ඥ(݀ − 2)ଶ + 1ଶ) + 2√݀ଶ + 2ଶ. 

Subcase 1.11. ݎ = 0. By Lemma 2.3 and 2.8, we have 

(ܩ)ܱܵ ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 3)ඥ(ߚ + ݐ − 2)ଶ + 2ଶ + ඥ(ߚ + ݐ − 2)ଶ + 1ଶ 

ߚ) −              + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ −ඥ(ߚ + ଶ(ݐ + 1ଶ 

     + (݀ − 2)(√݀ଶ + 2ଶ −ඥ(݀ − 2)ଶ + 2ଶ)  +  2√݀ଶ + 2ଶ 

             = Φ(ߚ, (ݐ + ߚ)݂] + ݐ − 2) − ߚ)݂ + [(ݐ − [݂(݀ − 2) − ݂(݀)] 

     + [൫√݀ଶ + 2ଶ − ඥ(݀ − 2)ଶ + 2ଶ൯ −  ൫√݀ଶ + 1ଶ −ඥ(݀ − 2)ଶ + 1ଶ൯] 

             < Φ(ߚ, (ݐ + ߚ)݃] + ݐ − 2) + ߚ)݃ + ݐ − 1)] − [݃(݀ − 2) + ݃(݀ − 1)] 

             = Φ(ߚ, (ݐ + ߚ)݃] + ݐ − 2) − ݃(݀ − 2)] + ߚ)݃] + ݐ − 1)− ݃(݀ − 1)] 

     ≤ Φ(ߚ,      .(ݐ
Subcase 1.12. ݎ = 1. By Lemma 2.3 and 2.8, we have 
(ܩ)ܱܵ ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 3)ඥ(ߚ + ݐ − 2)ଶ + 2ଶ + ඥ(ߚ + ݐ − 2)ଶ + 1ଶ 
ߚ) −        + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ −ඥ(ߚ + ଶ(ݐ + 1ଶ+(√݀ଶ + 1ଶ −ඥ(݀ − 2)ଶ + 1ଶ) 

       + (݀ − 3)(ඥ݀ଶ + 2ଶ −ඥ(݀ − 2)ଶ + 2ଶ)  +  2ඥ݀ଶ + 2ଶ 
          = Φ(ߚ, (ݐ + ߚ)݂] + ݐ − 2) − ߚ)݂ + [(ݐ − [݂(݀ − 2) − ݂(݀)] 
          = Φ(ߚ, (ݐ + ߚ)݃] + ݐ − 2) + ߚ)݃ + ݐ − 1)] − [݃(݀ − 2) + ݃(݀ − 1)] 
          = Φ(ߚ, (ݐ + ߚ)݃] + ݐ − 2)− ݃(݀ − 2)] + ߚ)݃] + ݐ − 1) − ݃(݀ − 1)] 
          ≤ Φ(ߚ,    ,(ݐ
with equality if and only if ܩ ≅ ,ߚ2)∗ܪ  .(ݐ

Subcase 1.2. ݀௩మ = ݀௩య = 3. 

Let ܰ(ݒଶ) = ,ଵݒ} ,ଷݒ ଶᇱݒ }  and ܰ(ݒଷ) = ,ଵݒ} ଷᇱݒ,ଶݒ }.  Let ܩ∗ = ܩ − ଶᇱݒ − ଷᇱݒ , then 
∗ܩ ∈ ऍ(2ߚ − 2, (∗ܩ)ܱܵ and (ݐ ≤ Φ(ߚ − 1, ߚ Note that .(ݐ ≥ ݐ ,4 ≥ 2. 
(ܩ)ܱܵ = (∗ܩ)ܱܵ + 2൫√݀ଶ + 3ଶ − √݀ଶ + 2ଶ൯ + √3ଶ + 3ଶ + 2√3ଶ + 1ଶ  −√2ଶ + 2ଶ 
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           ≤ Φ(ߚ − 1, (ݐ + 2൫√݀ଶ + 3ଶ − √݀ଶ + 2ଶ൯ + 2√10+√2 
           = Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) + 2൫√݀ଶ + 3ଶ − √݀ଶ + 2ଶ൯ − √5 + 2√10+√2 
           ≤ Φ(ߚ, (ݐ + ݃(5) + 2൫√3ଶ + 3ଶ − √3ଶ + 2ଶ൯ − √5 + 2√10+√2 
           = Φ(ߚ, (ݐ + 4√5ଶ + 2ଶ + √5ଶ + 1ଶ − 5√6ଶ + 2ଶ − √6ଶ + 1ଶ 
            + 2൫√3ଶ + 3ଶ − √3ଶ + 2ଶ൯ − √5 + 2√10+√2 < Φ(ߚ,   .(ݐ
Subcase 1.3. ݀௩మ = 2, ݀௩య = 3. 
Let ܰ(ݒଷ) = ,ଵݒ} ,ଶݒ ଷᇱݒ }. (ଵݒ)ܰ  = ,ଷݒ,ଶݒ} ,ଵݔ , … {ௗିଶݔ,  Let ܩ∗ = ܩ − ଷݒ − ଷᇱݒ , then 
∗ܩ ∈ ऍ(2ߚ − 2, ݐ − 1) and ܱܵ(ܩ∗) ≤ Φ(ߚ − 1, ݐ − 1). 

(ܩ)ܱܵ = (∗ܩ)ܱܵ + ∑ ൬ට݀ଶ + ݀௫೔ଶ − ට(݀ − 1)ଶ + ݀௫೔ଶ ൰
ௗିଶ
௜ୀଵ +√݀ଶ + 3ଶ + √݀ଶ + 2ଶ 

              +  √2ଶ + 3ଶ + √1ଶ + 3ଶ − ඥ(݀ − 1)ଶ + 1ଶ 
            ≤ Φ(ߚ − 1, ݐ − 1) + (݀ − 2)(√݀ଶ + 2ଶ −ඥ(݀ − 1)ଶ + 2ଶ) +√݀ଶ + 3ଶ 
            + √݀ଶ + 2ଶ + √2ଶ + 3ଶ + √1ଶ + 3ଶ − ඥ(݀ − 1)ଶ + 1ଶ 
            ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 3)ඥ(ߚ + ݐ − 2)ଶ + 2ଶ+ඥ(ߚ + ݐ − 2)ଶ + 1ଶ 
ߚ) −             + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ −ඥ(ߚ + ଶ(ݐ + 1ଶ 
            + (݀ − 2)(√݀ଶ + 2ଶ − ඥ(݀ − 1)ଶ + 2ଶ) 

                    + √݀ଶ + 3ଶ + √݀ଶ + 2ଶ + √13 + √10− 2√2− ඥ(݀ − 1)ଶ + 1ଶ 
            = Φ(ߚ, (ݐ + ߚ)݂] + ݐ − 2) − ߚ)݂ +   [(ݐ

                    + (݀ − 2)(√݀ଶ + 2ଶ − ඥ(݀ − 1)ଶ + 2ଶ) 
        + √݀ଶ + 3ଶ + √݀ଶ + 2ଶ + √13 + √10− 2√2−ඥ(݀ − 1)ଶ + 1ଶ 

            = Φ(ߚ, (ݐ + ߚ)݂] + ݐ − 2) − ߚ)݂ + [(ݐ − [݂(݀ − 1) − ݂(݀)] 
        + √݀ଶ + 3ଶ − √݀ଶ + 1ଶ + √13 + √10− 2√2 

            = Φ(ߚ, (ݐ + ߚ)݂] + ݐ − 1) − ߚ)݂ + [(ݐ − [݂(݀ − 1) − ݂(݀)] 
ߚ)݂]+         + ݐ − 2) − ߚ)݂ + ݐ − 1)]+√݀ଶ + 3ଶ − √݀ଶ + 1ଶ + √13 + √10 − 2√2 

            = Φ(ߚ, (ݐ + ߚ)݃] + ݐ − 1)− ݃(݀ − 1)] + ߚ)݃ + ݐ − 2) 
        + √݀ଶ + 3ଶ − √݀ଶ + 1ଶ + √13 + √10− 2√2 

            ≤ Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 2)+√݀ଶ + 3ଶ − √݀ଶ + 1ଶ + √13 + √10− 2√2. 
If ݀ ≥ 3 , note  that  ߚ + ݐ ≥ 6 , then ܱܵ(ܩ) ≤ Φ(ߚ, (ݐ + ݃(4) + √3ଶ + 3ଶ −
√3ଶ + 1ଶ +  √13 + √10− 2√2  = Φ(ߚ, (ݐ + 3√4ଶ + 2ଶ + √4ଶ + 1ଶ − 4√5ଶ + 2ଶ −
√5ଶ + 1ଶ +√3ଶ + 3ଶ − √3ଶ + 1ଶ + √13 + √10− 2√2 < Φ(ߚ, ݀ If .(ݐ = 2, then  ߚ =
2 and ݐ = 1. Thus ܩ ≅  .(4,1)∗ܪ
 
Case 2. The circle length greater than or equal to 4. 

Subcase 2.1. ݀௩మ = 3. 
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Let ܰ(ݒଶ) = ,ଵݒ} ,ଷݒ ଶᇱݒ },  then ݀௩య = 3 ݎ݋ 2 .Let ܩ∗ = ܩ − ଶݒ − ଶᇱݒ + ଷݒଵݒ , then 
∗ܩ ∈ ऍ(2ߚ − 2, (∗ܩ)ܱܵ and (ݐ ≤ Φ(ߚ − 1,  .(ݐ

(ܩ)ܱܵ  = ଶ݀√+(∗ܩ)ܱܵ + 3ଶ + √3ଶ + 1ଶ + ට3ଶ + ݀௩యଶ  −ට݀ଶ + ݀௩యଶ  

             ≤ Φ(ߚ − 1, ଶ݀√+(ݐ + 3ଶ + √3ଶ + 1ଶ + ට3ଶ + ݀௩యଶ  − ට݀ଶ + ݀௩యଶ  

             = Φ(ߚ, (ݐ + ߚ) + ݐ − 2)ඥ(ߚ + ݐ − 1)ଶ + 2ଶ+ඥ(ߚ + ݐ − 1)ଶ + 1ଶ 
ߚ) −               + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ −ඥ(ߚ + ଶ(ݐ + 1ଶ − √5 

          + √݀ଶ + 3ଶ + √3ଶ + 1ଶ + ට3ଶ + ݀௩యଶ  − ට݀ଶ + ݀௩యଶ . 

Subcase 2.11. ݀௩య = 2. 

(ܩ)ܱܵ ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 2)ඥ(ߚ + ݐ − 1)ଶ + 2ଶ+ඥ(ߚ + ݐ − 1)ଶ + 1ଶ 
ߚ) −             + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ − ඥ(ߚ + ଶ(ݐ + 1ଶ − √5 

        + √݀ଶ + 3ଶ − √݀ଶ + 2ଶ + √10 + √13  
            ≤ Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) + 3√2 + √10− √5 
            ≤ Φ(ߚ, (ݐ + ݃(5) + 3√2 + √10− √5 
            = Φ(ߚ, (ݐ + 4√29 + √26 − 5√40− √37 + 3√2 + √10 − √5 < Φ(ߚ,  .(ݐ
Subcase 2.12. ݀௩య = 3. 

(ܩ)ܱܵ ≤ Φ(ߚ, (ݐ + ߚ) + ݐ − 2)ඥ(ߚ + ݐ − 1)ଶ + 2ଶ+ඥ(ߚ + ݐ − 1)ଶ + 1ଶ 
ߚ) −         + ݐ − 1)ඥ(ߚ + ଶ(ݐ + 2ଶ −ඥ(ߚ + ଶ(ݐ + 1ଶ − √5+√10 + 3√2 

            ≤ Φ(ߚ, (ݐ + ߚ)݃ + ݐ − 1) + 3√2 + √10− √5 
            ≤ Φ(ߚ, (ݐ + ݃(5) + 3√2 + √10− √5  < Φ(ߚ,  .(ݐ
Subcase 2.2. ݀௩మ = 2. 
Since ݒଵݒଶ ∉ ܯ , then ݒଶݒଷ ∈ ܯ , so  ݀௩య = 2 . Let ܩ∗ = ܩ − ସݒଷݒ + ସݒଶݒ , then 
∗ܩ ∈ ऍ(2ߚ,  .(ݐ

(ܩ)ܱܵ = (∗ܩ)ܱܵ + √݀ଶ + 2ଶ − √݀ଶ + 3ଶ+√2ଶ + 2ଶ+ට݀௩రଶ + 2ଶ 

             − √1 + 3ଶ − ට݀௩రଶ + 3ଶ 

            ≤ (∗ܩ)ܱܵ + √݀ଶ + 2ଶ − √݀ଶ + 3ଶ+4√2− √10− √13 
            < 2√4+(∗ܩ)ܱܵ − √10− √13  <  ,(∗ܩ)ܱܵ
when ߣ − 1 = 3, by Case 1, we know ܱܵ(ܩ∗) ≤ Φ(ߚ, ߣ when ;(ݐ − 1 ≥ 4, by Case 
2.1, we know ܱܵ(ܩ∗) < Φ(ߚ, (ܩ)ܱܵ  Thus, we have .(ݐ < Φ(ߚ,   .(ݐ

This completes the proof.                                                                                                      █ 
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By Lemma 4.1, 4.2 and 4.3, we can obtain the maximum Sombor index among cacti 
ऍ(2ߚ,  (ݐ

 

Theorem 4.4. Let ܩ ∈ ऍ(2ߚ, ߚ) (ݐ ≥ 2). Then ܱܵ(ܩ) ≤ Φ(ߚ,  with equality if and only ,(ݐ
if ܩ ≅ ,ߚ2)∗ܪ  .(ݐ
 

Using a similar way, for the reduced Sombor index, we also have similar result. We 
omit the proof. 

 

Theorem 4.5. Let ܩ  ∈ ऍ(2ߚ, ߚ) (ݐ ≥ 2) . Then ܱܵ௥௘ௗ(ܩ) ≤ ܱܵ௥௘ௗ(ߚ2)∗ܪ,  with ,((ݐ
equality if and only if ܩ ≅ ,ߚ2)∗ܪ  .(ݐ
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