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1. INTRODUCTION

Molecular descriptors called topological indices are graph invariants that play a significant
role in chemistry, materials science, pharmaceutical sciences and engineering, since they
can be correlated with a large number of physio-chemical properties of molecules.
Topological indices are used in the process of correlating the chemical structures with
various characteristics such as boiling points and molar heats of formation. Graph theory
is used to characterize these chemical structures. Binary and m-ary trees have extensive
applications in chemistry and computer science, since these trees can represent chemical
structures and various useful networks. We consider connected graphs without loops and
multiple edges. Let V(G) be the vertex set and let E(G) be the edge set of a graph G. The
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distance d(u, v) between two vertices u,v € V(G) is the number of edges in a shortest
path connecting them.

The Wiener index Wof a connected graph G, introduced by wiener in 1947, is
defined as

W(G)=1/2) u,vEV(G)d(u’ V),

where d(u,v) is the distance between vertices u and v of G. The Wiener index is an
important distance-based graph invariant. It was proposed by Harold Wiener [12] in 1947.
He found that there exist correlations between the boiling points of paraffins and their
molecular structure. The study of the Wiener index in mathematics dates back to the 1970s
[2]. The Wiener index obtained wide attention and numerous results have been worked
out, see the surveys [3, 4, 5, 13], the recent papers [1, 6, 7, 8] and the references cited
therein.

The Steiner distance in a graph, introduced by Chartrand et al. in 1989, is a natural
generalization of the concept of classical graph distance. For a connected graph G of order
at least 2 and S € V(G), the Steiner distance d(S) of the vertices of S is the minimum size
of a connected subgraph whose vertex set is S. The k-th Steiner Wiener index of a graph G
is defined by

SWk(G) = ngv(a) d(s).
|S|=k

In this definition, we have SW;(G) = 0 and SW,,(G) =n — 1. So we consider 2 < k <
n — 1. We denote the number of S < V(G) such that |S| = k and d(S) = t by n, (G, t).
Based on this notation, we can define the k-th Steiner Wiener index of a graph G of order
n alternatively by

SWi(G) = XSy tny(G,t).
For some recent investigations on Steiner Wiener index see [9, 10].

A tree T is a connected graph containing no cycles. A leaf is a vertex of T of
degree 1 and all the other vertices will be called internal vertices. In a rooted tree, the level
of a vertex v is its distance from the root vertex. The height of a rooted tree is the length of
a longest path from the root. Form > 2, an m-ary tree is a rooted tree in which every
vertex has at most m children A complete m-ary tree is an m-ary tree in which every
internal vertex has exactly m children and all leaves have the same level. The complete m-
ary tree of height h will be denoted by T}, and its root vertex by v,. T, is a complete
binary tree of height h. Wiener index of complete m-ary tree is found in [11]. Let N;(v)
be the set of vertices at distance i from v in G.

m mh+1_1

mh-
Let A =V(Thm) = Np(vp),x = |4l =—— and n = [V(Thm)| =
ml + 1. For a vertex v € 4, we denote N¢(v) to be the set of children of v and N¢[v] =

N¢(v) u {v}.

=x +
m-—1
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2. PRELIMINARY RESULTS

For positive integers a and b with 1 <b <a—1, we have (§) = (4,") + (}Z;). The
Pascal's and Vandermonde's identity are stated as,

Lemma 2.1. For positive integers a, b and t, we have

=0 (5) (i25) = (1)

Lemma 2.2. For positive integers a, b, c and t with t < ¢, we have

to(9)(5) = () =)

From the Vandermonde's identity we get the following lemmas which help us to get
our main results.

Lemma 2.3. If a, b and t are positive integers with1 < b < a — 1, then
pOp()( ) a(a+b1.

Lemma 2.4. If a, b and t are positive integers with1 < b < a — 1, then

p=0D’ (Z)( ) a(*077) 4+ g2(*-2),

3. MAIN RESULTS

In this section, we will present our main results.

Theorem3.1.Forh >2and1 <k <morh=1and 1l <k < m, we have
SWn—k(Th,m) = (n - 1)(2) - mh(;{l:i

Proof. Let S € V(Ty,,) such that |S| = n — k. We have two cases to be considered.

Case 1: vy €S. Let [SNN,(vy)|=7.Thenwehave 0 <r <k —1,[SnA4|=
k—r—1and d(S) =n—r— 1 There are( )(
contributes to SW,,_ . (Ty) by

=0 (n;h) (k—)rc—1)(n —r=1)=n-1)X ( ) (k —r— 1) isor ( rh) (k—f—l) 1)

By Lemma 2.1, we have

2z () o) = () @

«_-_,) such vertices. This case
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By Lemma 2.3, we have
h mh x—
ks () ) =mt (M) ®
From Equations (1), (2) and (3), we have
() - == -1 () () -2k () ()
= (-1 () —mt (M)
=(n-1() -m"(; 2
Case 2: vy €S. Let [SNNy(vgyl =7 . Then 0<r <k,|SNnA|=k—r and
d(S) =n—r—1. There are (";h) (%) such vertices. This case contributes to
SWo_ i (Trm) by XE_g (";h) (., )(n—r—1). Then by Lemmas 2.1 and 2.3, we
have
(M) (- == - DL (M) (5D - Bl (M) ()
mh X h X
= - (") ()
= (n — 1)(71;1) — mh(Z:i
From Case 1 and Case 2, we have
SWooie(Tom) = 2528 (™) (F_ ) =7 = D+ T, (") (2 ) =7 = 1)
= (=D - m (D) + - () - m (1
= -D[(I)+ (”,f)] m"[(23) + (D)
=(m-1()-m"(G)

This completes the proof. O

Theorem 3.2. Let 1 < a < m be a fixed integer and k = am + b for some b,1 < b < m.
Then for h > 2 or ab > 1, we have
SWn—k(Th,m) = (n - 1)(2) - mh(z:i) - mh_l nomed .

k-m-1

Proof. For0 < r < k,let Uy, = {T S V(Tym)| IT| = k and |T n Ny, (vy)| = r}. Then
h
| Uriel = (%) () (@)
Let S < V(Tpm) such that |S|=n—k. Then S € U,, for somer. Let Ny_,(v,) =
{ug, uy, ., u na 3o For 0<i<mh™ let B;={T € U, |N°[w] S T. Then |B]=
() () and 1 1= (7)) () for all 61 ¢ < . By
inclusion-exclusion principle, we have

| Uisj<t Bijl = Yi<jst Bi| - les<zst|Bis N B,
+led<s<zst|Bid NB; N Biz|+ D Nygje Bi]-|
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(Z)krl(h M=) G ("i;i_;fn’”) h
(") G2 () =+ Gm () () ()
= Zp=1 (1P ( P ) (k)—crfp) (n;—pzr)nm)'

Thus forany t,1 < t < m"™1, we have
_ h-1 x—p mh—pm
| UlSJ'SfBijl - 7t’=1(_1)p+1 (mp ) (k—r—p) ( r—pm ) ©)
We have two cases to be considered.

Case 1: v, €S. Then|SNA|=k—7. IfO<r<m-—1orr =k, thend(S) =
n—r—1 and n,_y(Tpmn—-1r—-1)= (";h) (k’_‘r) . Suppose m<r<k-1
(that is, m<r<am+b—1). If N [u]z S for all i,1<i<ml? then
d(S)=n—r—1and ny_(Tpmn =7 —1) = |[Upi| = | Usgj<a By |- Then using
Equations (4) and (5), we have

Rcie(Tamn =7 = 1) = () (5) = s (0P (0 7) (557, ) ().

For1l <t < a, if there exists {iy, i, ..., i} €{1,2,..,m" '} such that N°_, B <
Sbut B,z S for all ze{1,2,... m"}—{i, i5,...,i;}, then d(S) =n—7r—1
and

P (Tamim =1 = 1) = [0y By |- (T NEEL By |+ (112)| N2 By
— -+ (D)D) NGy By |
= (") (SR (M)
() () (54 ()
() (") (k"xitig) (m éié??é”)
— e (=)ot () (M) () ()
= 2ass -0 (7) () (5, ) (menm),

This implies that, the first case contributes to SW,,_ (T, .,) by

) SSV(Thm ) d(s) = 0 Zg=n- t—a—1 9t (Thm: q)
Vo€ES,|S|=n—k
=ymittn—r— D, (Thmn—r—-1)+m—k—n,_ 1 (Tpmn—k—1)
+ZkEN_ o) Z ;"1 71" a-19Mn- k(Th,maQ)
UENp—1(Vo

N€[u]cS
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+Zk r=m Zgnralqnn k(Thm q)

UENp_1 (Vo)
NC[ul]esS

=3 (") (Z )= =1+ (M) (- k- 1)

+ TR 2, B0 () (T ) (550 () (n = — £ = 1)
+32h (M) () - =)

pkch ve (-0 (™) (52 ) () (- - 1)

=Z’r‘=o("£h) (*)n-r—1)

Dk T (07 () (57 () = - 1)

+ TR 2, a0 () (T ) (55 () (n = — £ = 1)

To simplify this expression, first let us simplify sum in the third line.

t=1 Zp=o(= Dp(Hp)(:;) (kx;ft(ﬁ;)) (W; éf;;’inm) (n—r—t-1)
-<1)( S (L) -2

O )2 (o) - -2)
+(2 (m’; ) e ( )(n—r—3)
+()(m’;1)kr3( )(n—r—Z)
-G (") () () (=1 = 3)
+ (") (52 ("; ) (=1 —4)
ot (DO (M) (52D (Pt (- - 2)
et (M) () (e (-1 —a - 1),

For 2 < z < q, the zt" row of this equation is

S0 (M) ) (i (- —i- 1)

=07 (") (52 () S D (=~ i - 1)

= 07 (") G52 (T [ = = DD () - D (D)
=07 (") (52 () - = D)

= 0 ("7 (52 () (= = 1),

_ m
r—2
mh—2m
r—2m
m*-3m
r—-3m

m
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Therefore,
) SSV(Thm ) d(s)

VoES,|S|=n—k
=i (m’l)(;r)(n—r—m mi1( ) (M) - - 2)
+Yhh 28, (~1)7H ( )65 (";h M) (n-r—1)
+ 2 2 (=07 (") (57 (M (- - 1)
= Zk_ (mh) (er)(n —r—1)
I () (m m)(n—r—Z (n—r—1))
+ Xk 2,17 (") (57 ("; ™) (—r—1-(n—r-1))
=20 (M) (-1 =D - Bk m (50 ()
= (n—- )Tk, (M) () - Bk Or( ") ()
2 () ()
= (=) () = () -t ()
=m-0("")-m"(G2) -mh (2.

k-m-1

This implies that,
) SV (Thm) 4(S) = (n - 1)(n;1) - mh(z:i) —m" Z::Z:i (6)

Vo€ES,|S|=n—k

Case 2: v, € S. Then |S n A| = k — r — 1. Similar to the first case, the second
case also contributes to SW,,_ (Ty.) by
2 scv(rpn) 4)=m-1(7) -m"(5) —m" (I (7)

vo&S,|S|=n—k

From Equations (6) and (7), we have

SWoi(Thm) =X SSV(Thm ) d($) + X sev(Tpm) 40S)

Vo€S,|S|=n—-k vo&S,|S|=n—k
= (n— D)(*2) = mA(272) — i1 (12
+n - 1)) —m"(G) - M G

=(n- 1)[(nk1) (k—l ] [(k—l) + (Z:i ]
—m" TR + (o))

= (-1 -mh(H) - mrr (oD,

k-m-1
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This completes the proof. O

4,

CONCLUDING REMARKS

In this paper, we presented exact values of the k-th Steiner Wiener index of complete m-
ary trees by using inclusion-exclusion principle for various values of k.

REFERENCES

1.

10.

11.

12.

13.

C. M. da Fonseca, M. Ghebleh, A. Kanso and D. Stevanovi¢, Counterexamples to a
conjecture on Wiener index of common neighborhood graphs, MATCH Commun.
Math. Comput. Chem. 72 (2014) 333—338.

R. C. Entringer, D. E. Jackson and D. A. Snyder, Distance in graphs, Czechoslovak
Math. J. 26 (1976) 283—296.

A. Dobrynin, R. Entringer and 1. Gutman, Wiener index of trees: theory and
application, Acta Appl. Math. 66 (2001) 211—-249.

M. Ghorbani, X. Li, H. R. Maimani, Y. Mao, S. Rahmani and M. Rajabi-Parsa, Steiner
(revised) Szeged index of graphs, MATCH Commun. Math. Comput. Chem. 82 (2019)
733—742.

I. Gutman, S. Klavzar and B. Mohar, Fifty years of the Wiener index, MATCH
Commun. Math. Comput. Chem. 35 (1997) 1-1509.

I. Gutman and O. E. Polansky, Mathematical Concepts in Organic Chemistry,
Springer, Berlin-Heidelberg-New York-Tokyo, 1986.

Y. L. Jin and X. D. Zhang, On two conjectures of the Wiener index, MATCH
Commun. Math. Comput. Chem. 70 (2013) 583—589.

S. Klavzar and M. J. Nadjafi-Arani, Wiener index in weighted graphs via unification
of 6*- classes, European J. Combin. 36 (2014) 71-76.

M. Knor and R. Skrekovski, Wiener index of generalized 4-stars and of their quadratic
line graphs, Australas. J. Combin. 58 (2014) 119—-126.

X. Liand M. Zhang, Results on two kinds of Steiner distance-based indices for some
classes of graphs, MATCH Commun. Math. Comput. Chem. 84 (2020) 567—578.

Y. Mao, Z. Wang and I. Gutman, Steiner Wiener index of graph products, Trans.
Comb. 5 (2016) 39-50.

Y. Mao, Z. Wang, I. Gutman and A. Klobucar, Steiner degree distance, MATCH
Commun. Math. Comput. Chem. 78 (2017) 221—-230.

M. Masre, S. A. Fufa and T. Vetrik, Distance-based indices of complete m-ary trees,
Discrete Math. Algorithms Appl. 12 (4) (2020) 2050041.



Steiner Wiener Index of Complete m-Ary Trees 109

14. H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem. Soc. 69
(1947) 17-20.

15. K. Xu, M. Liu, K. C. Das, I. Gutman and B. Furtula, A survey on graphs extremal
with respect to distance-based topological indices, MATCH Commun. Math. Comput.
Chem. 71 (2014) 461—508.



