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1. INTRODUCTION

The study of topological properties of cyclic hydrocarbons have a long history, it promotes
the research of hexagonal chain and quadrangle chain. So far, many achievements have
been made, among which the research on mathematics mainly focuses on covering
problem and related sorting problem and so on.
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The phenylene is composed of benzene and cyclobutadiene intercross, which makes
it not only provides an excellent opportunity to detect the structural characteristics of
various aromatic compounds, but also has potential practical USES, such as
semiconductors, photoelectric emitters, etc. As a result, this has aroused great interest of
many chemists and physicists and other scholars. Phenylene involves synthetic
resin, plastic, rubber, capacitor, air quality, water quality, industrial dust and poison
prevention technology, aerospace manufacturing, material protection, photosensitive
materials, photograph technology and so on.

Topological indices are the graph invariants used in theoretical chemistry to encode
molecules for the design of chemical compounds with given physicochemical properties or
given pharmacological and biological activities [1]. The research on the topological
indices of some special chemical chains and their application in chemistry has become a
hot issue in chemical graph theory. In 1947, the Wiener index, introduced by Wiener, is
the well-known topological index in a graph [2]. In 1994, the Gutman index and the
Schultz index of a graph were introduced by Gutman, they are vertex-degree-based graph
invariant [3]. Huang et al. obtained exact formulas for the expected values of the
Kirchhoff indices of the random polyphenyl and spiro chains [4]. Recently, Geng er al. got
the Kirchhoff indices and the number of spanning tree of mdbius phenylene chain and
cylinder phenylenes chain [5]. Deng et all. determined the first three maximal and minimal
values of the Moster index among all hexagon chains with h hexagons, and characterize
the corresponding extremal graph by some transformations on hexagonal chains [6,7], and
so on [8-13].

In this paper, we will present explicit formulae for the expected values of the Gutman
index and Schultz index of random phenylene chains. We will also get the extremal values
of these indices among all phenylene chains. At the end of this paper, we will give the
average values of the Gutman index and Schultz index in phenylene chains.

2. PRELIMINARIES

In this section, All graph considered here are finite and simple. For a given graph G =
(V; E), the set of its vertices is denoted by V and the set of its edges by E, |V| = n and
|E| = m. For a vertex u € V, the degree of u, denote by d(u)(short for d(w)), is the
number of vertices which are adjacent to u. The distance d(u,v), is the length of a
shortest path between u and v.

Let H be a cata-condensed hexagonal system. A hexagon r has one neighbouring
hexagon, then it is said to be terminal, and if it has three neighbouring hexagons, to be
branched. A hexagon adjacent to exactly two other hexagons is a kink if r possess two
adjacent vertices of degree two, is linear otherwise. The dualist graph of H consists of
vertices corresponding to hexagons of H, two vertices are adjacent if and only if the
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corresponding hexagons have a common edge. Obviously, the dualist graph of H is a
tree. If H has n hexagons, then this tree has n vertices and none of its vertices have degree
greater than three. A cata-condensed hexagonal system with no branched hexagons is said
to be a hexagonal chain. A hexagonal chain with no kink is said to be a linear chain.

Let H be a cata-condensed hexagonal system with a least two hexagons. If we add
quadrilaterals (face where boundary is a 4 — cycle) between all pair of adjacent hexagons
of H, the obtained G is called a phenylene. We call that H is the hexagonal squeeze of
G. A phenylene containing n hexagons is called an [n] — phenylene. Clearly, there is one
to one correspondence between a phenylene and its hexagonal squeeze, both possess the
same number of hexagons. In addition, a phenylene with n hexagons possess n — 1
squares. The number of vertices of a phenylene and its hexagonal squeeze are 6n and
4n + 2, respectively. A phenylene chain with n hexagons can be regarded as a phenylene
chain G,, see Figure 1.

OO G

Figure 1: Examples of phenylene chain G,.

A phenylene chain G, with n + 1 hexagons can be regard as a phenylene chain G,
with n hexagons to which new terminal quadrilateral and hexagon have been adjoined, see
Figure 2.

@

Figure 2: A phenylene chain G, with n + 1 hexagons.

For n > 2, the terminal quadrilateral and hexagon can be attached in three
ways, which results in the local arrangement we describe as G, ,,G2,,,G2,, see Figure
3.

A random phenylene chain G,(p, 1 — 2p,p) with n hexagons is a phenylene chain
obtained by stepwise addition of terminal quadrilateral and hexagon. At each step
k(k = 3), arandom selection is made from one of the three possible constructions:

1. Gy_, — G with probability p,
2. Gy_1 — GZ with probability 1 — 2p,
3. Gg_1 — G; with probability p,
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where the probability p is a constant, satisfies the condition 0 < p <

N | =
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Figure 3: The three types of phenylene chains G1,,,G2,,, G2, respectively.

Specially, the random phenylene chain G, (0,1,0) is the linear phenylene chain.
Among all topological indices, the most well-known is the Wiener index [3], which is
defined as

w(G) = Z{u,v}QV(G) dg(u, v). (1)
The Gutmn index is defined as
Gut(G) = Lunev) (deWde(v))de(u,v), ()
and the Schultz index is defined as
S(6) = Zuwyeve) (deW) +dg(v))de(u, v). ©)

3. THE GUTMAN INDEX OF G,

In this section, we consider the expected values E (Gut(G,,)) of Gutman index of a random
phenylene chain G, . As described above, the phenylene chain G,,.;(p,1—2p,p) is
obtained at random by attaching G,, a new quadrilateral and a new hexagon H,, ., which is
spanned by vertices z,, z,, z3, Z4, Zs, Zg, from one of the three possible constructions (see
Figure 3). The process is a zeroth-order Markov process. For G,.1(p,1 — 2p,p), the
Gutman index is random variable. For all v € G,,, we have

d(v,z;) =d(v,u,) +1,d(v,z;) =d(wv,v,) + 1,d(v,z3) =d(v,v,) + 2,
d(v,z,) = d(v,v,) + 3,d(v,z5) =d(w,u,) +3,d(v,z5) = d(v,u,) + 2. 4)

We also have

¢ d(z)d(z;,2) =19, X5, d(2)d(z;,2,) = 19,35, d(2)d(z;,23) = 21,
6, d(z)d(z;,2) = 23, $5_, d(2)d(z;,25) = 23,35, d(z)d(z,26) =21, ()

and
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ZveV(Gn) dGn+1(V) =1l6n — 2. (6)

Theorem 1 Let G,, be a random phenylene chain of length n. The expected value of the
Gutman index of G,, is

E(Gut(Gy)) = 5 (384 — 128p)n® + (128p — 32)n? + 3 (36 — 256p)n. ©)
Proof. Let
Gut(Gpyy) =A+B+C, (8)
where
A = Yuvice, Adw)d(@)d(u,v), )
B = Yveg, Xzetn,, 4W)d(z)d(v, 7)), (10)
C = Xizyzjichn,, 4(2)d(2)d(z, 2)), (11)
and

A = Yuvee, dwd()d(u,v)
= Z{u,v}an\{un,vn} d(u)d(v)d(ur 17) + ZveGn\{un,vn} d(v)d(un)d(un: 17)
+ 2w\ vy AW)A(Wn)d(Vy, v) + d(Uy)d(vy)d (un, vn)
= e\ funrn} 4WAW)AW, V) + Xpec\(un vy 40 (de, (Un) + 1)d(upn, v)
+ Yvecn\(unvn) AW (de, (Vn) + Dd(vy, v) + (dg, (un) + 1) (dg, () + 1)d Uy, vn)
= Gut(Gp) + Xvecy\funvn} AW Un, V) + Xoee\ (v A(0)d(Wn, v) + 5
= Gut(Gy) + Xveg, de, (V)d(Un, V) + Xveg, de, W)d(vn,v) + 1,

B = Yvec, XzeHy,, AW)d(z)d(v,z)
= Yves, dW)BAW,uy) +1) +3(d(w,vy) + 1) + 2(d(v,up) + 2)
+2(d(w,v) +2) + 2(d(v,u,) + 3) + 2(d(v, ) + 3))
=7 Yvec, AW)AW, un) + 7 Lyec, AW)A(W, ) + 26 Xyeg, d(v)
= 7Zv€Gn\{un,vn} d(v)d(v: un) + 7ZveGn\{un,vn} d(v)d(v' Un)
+ 7d (V) d(vp, uy) + 7d (uy)d(uy, vy) + 26(16n — 2)
=7 Yvee, da, WA, up) + 7 Yyeq, dg, W)d(v,vy) + 14 + 26(16n — 2)
=7 Yvea, A, W)d(W,up) + 7 Xyeq, dg, w)d(v,v,) + 416n — 38,
and
C = YizyzjcHny, 4(2)d(2)d(z;, z))
=%, d(z)(Bi, d(2)d(z:, 7))
=2(2X3X19+2X2X21+2x2x23)
= 145.
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Thus
Gut(Gpyq) = Gut(Gy) + 8 ZveGn dGn (»)d(v,uy)
+8 Yveq, dg, (V)d(v,v,) + 4160 + 108. (12)
Let E; = E(Yveq, de, W)A(v,u,)) and Ef = E(Xyeg, de, @)d(v, 1)), then we
have

E(Gut(Gnyp)) = E(Gut(G,)) + 8EL + 8E2 + 416n + 108.  (13)

We get E} and E2 by considering three possible construction as described in Figure
3. If G, — G}, with probability p, then u,, = v, v, = ys, We have

Yvety de, WA, up) + Yoeq, de, AW, 1) = Yveg, da,( W)V, y6)
+ Yvec, de, WA, ¥s5),

If G, - G2, with probability 1 — 2p, then u,, = ys, v, = y,, We have
Yvee, e, WA, up) + Ypeg, dg, W)d(W,vn) = Yyeq, da, W)d(v,ys)
+ ZvEGn dGn (v)d(v, Y4)'

If G, - G2, with probability p, then u,, = y,, v, = y3, we have
Yveg, e, WA, up) + Yoeg, dg, W)d(W,vn) = Yyeq, da, W)d(v,y4)
+ Yvee, A6, M)AV, ¥3);

From above, we have
Ex = p Yvec, de, W)d(W,y6) + (1 = 2p) Yyeq, dg, )dW,ys) +p Yyeq, de, )d (W, ya)
= p(Zveeny d, (AW, up) +2) +22) +pveq,_, dg, @) (AW, v) +3) +24)
+(1 = 2p)Qvec,_, da, WAV, uy) + 3) + 24)
= P Xvetn_, 46, AW, un) + (1 = 2p) Yoeq,_, e, W)d (v, uy)
+ P Zvec,_; do, (VAW V) +p(2 Tveq,_, da, (v) +22)
+ (1 -2p)(3Xveq,_, d6, (V) +24) + p(3Xyeq,_, dg, (V) + 24)
=P Xveep_, 6, WA, uy) + (1 = 2p) Xveq,_, de, W)d(v,uy)
+ P Yvegn, de, W)A(,vy) + (48 — 16p)n + (16p — 30),
and
Ef = pYvec, de, WA, y5) + (1 = 2p) Yyeq, e, W)A@,y4) +P Lve, de,(@)d(v,ys3)
= p(Zveen_, da, W)W, uy) +3) +24)
+ (1 = 2p) Qvec,, de, W)V, 1) + 3) + 24)
+PQvet,-, e, (AW, vn) +2) +22)
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=P ZveGn_l dGn (U)d(l?, un) + (1 - Zp) ZvEGn_l dGn (v)d(v, Un)

+ P 2vec,_, 46, VAW, ) + (2 Xve,_, da, (V) + 22)

+p(3Zvec,, de, ) +24) + (1 = 2p)(3 Tueg,_, dc, (V) + 24)

=pXveq,_, A6, WA, up) + (1 = 2p) Xpeq,_, dg, W)d(v, vy)

+ P Yveq, , de, W)d(v,v,) + (48 — 16p)n + (16p — 30).

Then ,EL + E2 =El_, + E2_; + (96 — 32p)n + (32p — 60), the initial value
is Ef + Ef = Yyeq, dW)A(W,uy) + Zyee, dW)d(v,vy) = 36.

According to the calculation method of the progression, we have El + EZ =
(48 — 16p)n® + (16p — 12)n. So, we have E(Gut(Gnsq)) = E(Gut(G,)) + 8E} +
8E2 +416n + 108 = E(Gut(G,)) + (384 — 128p)n? + (128p + 320)n + 108, the
initial value is E(Gut(Gy)) = 108. Then, we have E(Gut(G,)) = 5 (384 — 128p)n® +

(128p — 32)n% + § (36 — 256p)n.o

Corollary 1 The Gutman index of the linear phenylene chain L,, is

Gut(L,) = 128n3 — 32n? + 12n, (14)
and the Gutman index of non-linear phenylene chain B, is

Gut(P,) = %rﬁ +32n? — 93—2n. (15)
Proof. From (7), whenp = 0 and p = % respectively, we can get result. O

Corollary 2 Among all phenylene chain with n(n = 3) hexagons, the graph with
maximum Gutman index is linear chain, and the graph with minimum Gutman index is
non-linear chain.

Proof. Let f(p) = E(Gut(Gy)). Then,

f(p) = (384 — 128p)n® + (128p — 32)n® + 3 (36 — 256p)n
= (_%Tﬁ

As n >3, we have Z_i:_%n3+128n2_23jn<0' Note that OSpsé, then

f(p) < 128n3 — 32n? + 12n, with equality if and only if p = 0. It is obvious that when
p= % f (p) takes minimum values. O

+128n% — Z2n)p + 128n° — 32n% + 121,

4. THE SCHULTZ INDEX OF G,

In this section, let E(S(G,,)) denote the expected value of Schultz index of the random
phenylene chain G,,, we have
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Theorem 2 Let G,, be a random phenylene chain of length n. The expected value of the

Schultz index of G,, is
E(S(G)) = (96 — 32p)n3 + (12 + 96p)n? — 64pn. (16)

Proof. Let
E(S(Gns1)) =A+B+C, (17)
where
A = Yumce, (dW) +d®))d(u,v), (18)
B = Zve(;n ZzieH,H1 (d(v) + d(Zi))d(V: z;), (19)
C = Yizyzjchn,, (A(2) +d(2))d(zi, ), (20)
and

A = Yumce, (W) +d@)d(w,v)
= Xur)Cen\funry} (AW +d@))AW, V) + Xvec\upvn (@) + d(un))d(uy, v)
+ Yvee\funny (W) +d(W))d vy, v) + (d(uy) + d(vy))d Uy, vn)
= L un}Snlunray (AW +d@))AW, V) + Xves, fupvny (d)
+ dg, (Un) + Dd(Un, ) + Dvecnunvyy (d@) + dg, (V) + 1)d (v, v)
+ (dg, (un) + dg, (V) + 2)d (un, vn)
= 5(Gn) + Xvec\funvn} T(Un V) + Xoec\unvn} 4 (Vn, V) + 2
= S(Gn) + Lvec, A(Un V) + Xve, A(Vn, V),

B = Yvec, Lz, (W) +d(z))d(v, z;)
= Z,,Egn dv)dv,uy) +1+dwv,vy) +1+dw,uy) +2+dw,v,) +2
+dW,u,) +3+dW,v,) +3) + Yyes, B, up) +1) +3(dWw, ) +1)
+2(d(v,uy) +2)+2(d(Ww,v,) + 2) + 2(d(v,u,) +3) + 2(d(v, v,) + 3))
= 3 Yvec, AW)d(W,up) + 3 Yyeg, dW)dW, v) + 7 Xyeq, AW, vn)
+7 Zvean d(wv,u,) + 12 Zvean dw) + Zve(}n 26
= 3 Yvea, de, W)d(W,uy) + 3 Xoeq, de, W)AW,vp) + 7 Xpeq, A, vp)
+ 7 Yveg, A(v,uy) + 6 + 12(16n — 2) + 26 X 6n
= 3 Yvec, A6, WA, up) + 3 Xoeq, da, WA, 1) + 7 Yveg, AW, 1)
+7 Yvec, Ad(v,u,) + 348n — 18,

C = Z{Zi’zj}an_'_l (d(z;) +d(z))d(z;,z) =9 x (2% 3 +4x2)=126.
THUS  S(Grrt) = S(Gn) + 3 Svec, do, (A, ) +3 Toeq, do, @)d(v, v) +
8 Yvec, d(v,up) +348n +108. Let Ex + Ef = E,, and Up = Yyeq, d(v,uy), Up =
Yvea, d(v,vy,), then we have
E(S(Gpyr)) = E(S(Gy)) + 3E,, + 8UL + 8U2 + 348n + 108, (21)
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We get U} and U2 by considering three possible construction as described in Figure 3.
If G, = G}, with probability p, then u,, = yq, v,, = ys, We have
ZUEGn d(U: un) + ZveGn d(v: vn) = ZvEGn d(v' y6) + ZvEGn d(U, }’5);

If G, - G2, with probability 1 — 2p, then u,, = ys, v, = y,, We have
ZUEGn d(U: un) + ZveGn d(v: vn) = ZvEGn d(v' yS) + ZvEGn d(U, y4)r

If G,, = G3 ., with probability p, then u,, = y,, v, = y3, We have
ZveGn d(v; un) + ZveGn d(v' vn) = ZveGn d(vr y4) + ZveGn d(v' }73).

From above, we have

Up =P Yves, A0, ¥6) + (1 = 2p) Xveg, AW, ¥s) + P Xveq, d(V,Ys)
= pQvec, (AW, up-1) +2x6(n—1)+9) + (1 — 2p) Qves, (A, Un-1)
+3x6(Mm—1)+9)+pQRves, AW, V1) +3x6(n—1)+9)
= vaEGn d(w,up—1) + (1 —2p) Zvecn d(w,up-1) + vaeGn (d(W,vp-1)
+ (18 —6p)n + (6p —9)

and

U =p Zvee, AW, ¥5) + (1 = 2p) Tveg, A, Y4) + P Lveg, 4V, ¥3)
= pQvec, (AW, up-1) +3x6(n—1)+9) + (1 — 2p) Qvec, (A, Vn-1)
+3x6(m—1)+9) +pQveg, (W, Vp-1) +2X6(n—1)+9)
=P Xvec, AW, Un-1) + (1 — 2p) Lyeq, AW, Vn-1) + P Lvec, (AW, Vn-1)
+(18 — 6p)n + (6p — 9).

Then, U+ U2 =Ul_, +U2_; + (36 — 12p)n + (12p — 18), the initial value
is U + U = Yyeq, d(v,uy) + Ypeq, d(v)d(v,v1) = 18. According to the calculation
method of the progression, we have U, = U}l + UZ = (18 — 6p)n? + 6pn.

From (14), we known E,, = E} + E2 = (48 — 16p)n? + (16p — 12)n. So, we

have E(S(Gny1)) = E(S(G,)) + 3E, + 8U,, + 348n + 108 = E(S(G,,)) + (288 —
96p)n? + (96p + 312)n + 108, the initial value is E(S(G,)) = 108. Then, we
have E(S(G,)) = (96 — 32p)n3 + (12 + 96p)n? — 64pn. O

Corollary 3 The Schultz index of the linear phenylene chain L,, is

S(L,) = 96n3 + 12n?, (22)
and the Schultz index of non-linear phenylene chain B, is

S(B) = 80n3 + 60n? — 32n. (23)
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Proof. From (16), whenp = 0 and p = % respectively, we can get results. m|

Corollary 4 Among all phenylene chain with n(n > 3) hexagons, the graph with
maximum Schultz index is linear chain, and the graph with minimum Schultz index is non-
linear chain.

Proof. Let
f(p) = E(S(Gn))
= (96 — 32p)n® + (12 + 96p)n? — 64pn
= (—32n3 + 96n? — 64n)p + 96n3 + 12n2.

g—’; = —32n + 96n? — 64n < 0. Note that 0 < p < 3, then

f(p) <96n3 + 12n?, with equality if and only if p = 0. It is obvious that when p =

Asn >3, we have

%, f (p) takes minimum values. O

5. THE AVERAGE VALUES OF THE GUTMAN AND SCHULTZ INDICES OF
RANDOM PHENYLENE CHAIN

In this section, we present the average values of the Gutman index and the Schultz index
with respect to the set of all phenylene chains with n hexagons. Let G,, is the set of all
phenylene chain with n hexagons. The average values of the Gutman index and the
Schultz index with respect to G,, is

1

Gutapr(Gn) = |gn|ZGegn Gut(G),

Savr(Gn) = ﬁZGegn $(G).

Theorem 3 The average value of the Gutman index with respect to G,, is

1024 32 148
Gutgyr(Gn) = Tn3 + ?nz - Tn: (24)

Proof. From (7), take p = § we can get the result. O

Theorem 4 The average value of the Schultz index with respect to G,, is

Savr(Gn) = Z2n% + 44n? — Zn, (25)
Proof. From (16), take p = % we can get the result. O

From Corollary 1 and Corollary 3, we can get that the average values of the
Gutman index and Schultz index with respect to {L,,, P, } are
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Gut(Ly)+2Gut(P; 1024 32 148
utln)*+2Gut(Pn) _ nd + =n? ——n, (26)
3 9 3 9
and
S(Ln)+25(P) _ 64

- ?n3 + 44n? — 34 n. (27)
This result show that the average values of the Gutman index and the Schultz index
with respect to G,, are equal to the average values of the Gutman index and the Schultz

index with respect to {L,, P,}, respectively.
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