Iranian J. Math. Chem. 12 (1) March (2021) 19 — 26

E "Ia“'j"§ IrANIAN JOURNAL OF

'é ; . .

:MC: Mathematical Chemistry

Mathematic;l Journal homepage: ijmc.kashanu.ac.ir T —

Original Scientific Paper

Relations Between Sombor Index and some
Degree-Based Topological Indices

SLOBODAN FILIPOVSKI®

Famnit, University of Primorska, Glagoljaska 8 Koper, Slovenia

ARTICLE INFO ABSTRACT

Avrticle History: In [13] Gutman introduced a novel graph invariant called Sombor
Received: 2 December 2020 index SO, defined as SO(G) = X,z /deg(v:)? + deg(vp)?. In
Accepted: 30 March 2021 this paper we provide relations between Sombor index and some
Published online 30 March 2021 degree-based topological indices: Zagreb indices, Forgotten index
Academic Editor: Sandi Klavzar and Randi¢ index. Similar relations are established in the class of
Keywords: triangle-free graphs.

Sombor index

Zagreb indices

Randi¢ index

Forgotten index

free graph-Triangle © 2021 University of Kashan Press. All rights reserved

1. INTRODUCTION

Let G = (V,E) be a simple undirected graph with vertex set V(G) = {vi, v, ..., v} and edge
set E(G), |E(G)| = m. For i =1, 2, ..., n the degree of a vertex v; € V(G) is denoted by
deg(vi) and it is defined as the number of edges incident with v;. If the vertices v; and v; are
connected, then the connecting edge is labeled by ejj. A topological index is a numerical
quantity of a graph, which is invariant under graph isomorphisms. In mathematical
chemistry several topological indices have been introduced and extensively studied [14, 17,
19, 20]. Vertex-degree based topological indices present an important molecular descriptor
closely related with many chemical properties. Among the oldest and most studied
topological indices, there are two classical vertex-degree based topological indices-the first
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Zagreb index and second Zagreb index. The Zagreb indices were introduced by Gutman et
al. in [11, 12]. The first Zagreb index M;(G) and the second Zagreb index M2(G) of a graph
G are defined, respectively, as
M,(G)= > deg(v,)* =deg(v,)* +deg(v,)* +...+deg(V,)*,
VeV (G)
and

M,(G) = D deg(v;)deg(v;).

e;<E(G)

During the past decades, numerous research papers concerning Zagreb indices have
been published, see [1-8, 10]. In [15,16], Li et al. introduced the generalized version of the
first Zagreb index, defined as

Z,(G) =M/ (G) =deg(v,)" +deg(v,)" +...+deg(v,)"
where p is a real number. This graph invariant is nowadays known under the name general
first Zagreb index, and has also been much investigated. The case p = 3 was first studied by
Furtula et al. [9]. They introduced the forgotten index of a graph G, also called as F-index,
which is defined as
FG)= > deg(v,)® = > (deg(v,)” +deg(v,)?).
v;eV (G) &;€E(G)

In 2020, Gutman introduced a new vertex-degree-based topological index defined
as SO0(G) = Xo; ) deg(v)? + deg(v))? which was named Sombor index, [13]. Some basic
properties of the Sombor index were established in [13].

Motivated by this recent research, in this paper we provide basic relationships
between the Sombor index and Zagreb/Randi¢ indices, Section 2. In Section 3, we estimate
the Sombor index for the triangle-free graphs. The results in this paper are based on
elementary inequalities.

2. RELATIONS BETWEEN SOMBOR INDEX AND ZAGREB/RANDIC INDICES

In this section we assume that G is a simple connected graph with n vertices v, Vo, ..., Vq
and m edges. The corresponding vertex-degrees of G we denote by deg(v,),...,deg(Vv,).

Theorem 2.1 Let G be a graph on n vertices. Then SO(G) = \/%Ml(G). The equality holds
if and only if G is a regular graph.

Proof. From the inequality between quadratic and arithmetic means for the positive
numbers deg(v;) and deg(v;) we have ,/deg(v;)? + deg(v))? = %(deg(vi) + deg(v;)). Thus we
get SO(6) = Yo, cre)/Ae8W)? + deg(¥))? = Leyjer(o) 75 (deg(wn) + deg(v))) = = Tueve) deg(w)? =
%Ml(G).
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If G is a k-regular graph, then we have SO(G) = \/_ \/_Ml(G) 0
Remark 2.2 It is WeII known that for a simple connected graph with n vertices and m
edges occurs M, > 2™ From Theorem 2. 1, we conclude that SO(G) > 2\/—"1

Theorem 2.3 Let G be a graph on n vertices. Then SO(G) = gMZ(G). The equality

holds if and only if G is a complete graph on n vertices.

Proof. Clearly deg(v;)+deg(v,)<2n—2 for each i, je{l,...,n} The inequality between
quadratic and harmonic means for the numbers deg(v;) and deg(v;) yields

\/deg(vi)2+deg(vj)2 N 2 _ 2deg(v,)deg(v)) 1
2 -1 N 1 deg(y, ) +deg(v, ) n-1
deg(v,)  deg(v,)

deg(v;)deg(v;). (1)

From (1) we obtain the following lower bound for the Sombor index

SO(G) = Z \/deg(v) +deg(v, )? >£ z deg(v; ) deg(v; )—£M (G).
e;€E(G) n- 1e €E(G)
If G is a complete graph on n vertices, then V2 M2 (K,) = "(Z;) = S0(K,), see in [13]. [

Theorem 2.4 Let G be a graph on n vertices and medges. Then SO(G) < /mF(G). The
equality holds if and only if G is a regular graph.

Proof. We apply the inequality between arithmetic and quadratic means to the m numbers
\/deg(vi)z +deg(v;)? determined by the edges e; € E(G). Hence

s0@G)= Y \/deg(v) +deg(v,)? <Vm J 3" (deg(v,)? +deg(v,)?) =
e;<E(G) g €E(G)
> deg(v;)’ =\/m-F(G).

v,eV (G)

nk*
2

If G is ak-regular graph, then m-F(G) = =S0°*(G). 0

Theorem 2.5 Let G be a graph with n vertices and m edges. If Z.(G) is a general

Zagreb index of G, then
SO(G) <4/2m*Z, (G) .
The equality holds if and only if G is a regular graph.
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Proof. From the power inequality of order 4 and 1 for m numbers /deg(v;)* + deg(v;)?
determined by the edges ¢;; € E(G) we obtain

> (Jdeg(v,)? +deg(v))?)* > [deg(v,)? +deg(v,)*

4] &, E(G) S &<E(©) _ SO(G) @)
m - m m
From deg(v;)* +deg(v,)* = 2deg(v;)? - deg(v;)* and from the inequality in (2) we get
2 " (deg(v;)* +deg(v;)*)
4| <E(G) S SO(G) o
m m
> deg(v,)° T
2.4 > S06) 454 2:C) , S0)  50G) < 42mz, ().
m m m m
4),8
If G is a k - regular graph, then 2m*Z, (G) = nk =S0*(G). O

In the last two results of this section we establish relationships between Sombor and
Randi¢ index (reduced reciprocal Randi¢ index). The Randi¢ index R(G) was introduced

in 1975 by Randi¢ [18] as follows:
1

R(G) = oy cney ——
|deg(v)deg(v))

It is a measure of branching of the carbon-atom skeleton and has been closely correlated
with many chemical properties.

V2m?

Theorem 2.6 Let G be a graph on n vertices and medges. Then SO(G) > RZ(G). The

equality holds if and only if G is a regular graph.

Proof. Since deg(v;)* +deg(v;)* > 2deg(v;) deg(v;) we obtain
SOG)= > |deg(v,)? +deg(v))? 22 Y. [deg(v;)deg(v,).
&;€E(G) e;€E(G)
From the inequality between arithmetic and harmonic means for the numbers

Jdeg(v,) deg(v;), where v,v; =e;, we have

2 2\/5
SO(G) > \/Eeu;a)/deg(vi)deg(vj) > 2 m . _ r;(G) .

oy 2e) /deg(v;) deg(v;)
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J2m?  nk?
, —— =—=S0O(G). O
RG) V2 0©
Theorem 2.7 Let G be a graph with n vertices and m edges and let deg(v,) >1 for every
vertex v, eV (G). If RRR(G) is reduced reciprocal Randi¢ index of G, then
SO(G) = v2(RRR(G) + m).
The equality holds if and only if G is a regular graph.

If G isak-regular graph, then R(G) = g Thus

Proof. Using the inequality between geometric and arithmetic means for the numbers
deg(v;) -1 and deg(v;) —1 we have

deg(v;) +deg(v;) -2 B deg(v;) +deg(v;) ~

J(deg(v;) —1)(deg(v;)-1) < > > 1<

T VY (3)
SJe@w);emw)_L

From (3) we get
SO@G)= > \/deg(vi)z +deg(v;)? >J2 ¥ (\/(deg(vi)—l)(deg(vj)—l) +1)

e; <E(G) &; <E(G)
=V2(RRR(G) + m).
If G is ak-regular graph, then
2
x/E(RRR(G)+m):\/E(m(k—l)+m):ﬁmk:%:SO(G). O

3. A SOMBOR INDEX AND TRIANGLE-FREE GRAPHS

A triangle-free graph is an undirected graph containing no triangles (3-cycles). Because of
their specific structure, this family of graphs play an important role in graph theory,
consequently in chemical graph theory. The topological indices of the triangle-free graphs
are studied intensively in numerous research papers. We list two known results concerning
Zagreb indices.

Theorem 3.1 [21] Let G be a triangle-free (n,m)-graph. Then M,(G) <mn and equality
holds if and only if G is a complete bipartite graph.

Theorem 3.2 [21] Let G be a triangle-free graph with m >0 edges. Then M,(G) <m?

with equality if and only if G is the union of a complete bipartite graph and isolated
vertices.
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Similarly as in the previous section, we assume that G is a simple connected graph
with n vertices vy, Vo, ..., v and corresponding vertex-degrees deg(vi), deg(vz), ..., deg(Vy).
The next two results give a relation between the Sombor index and the second Zagreb
index in the class of triangle-free graphs.

Theorem 3.3 Let G be a triangle-free graph on n vertices. If M, (G) is the second Zagreb
index of G, then

SO(G) z%mz(e).

The equality holds if and only if G is a complete graph on 2+1 vertices.
Proof. The proof follows from Remark 2.2 and Theorem 3.2. 0
Theorem 3.4 Let G be a triangle-free graph on n vertices and m edges. Then

SO(G) < /m(mn® —2M, (G)) .
Proof. Recall, for e; =v,v; € E(G) holds deg(Vv;) +deg(v;) <n. Thus

D (deg(v,)+deg(v;))’ <mn’< > deg(v,)’+2- > deg(v;)deg(v;) <mn’<

&;€E(G) v;ieV (G) &;<E(G)
F(G) +2M,(G) < mn®,
Now the required result follows directly from Theorem 2.4. 0

Note that the Sombor index in Theorem 2.4 depends on the size of G and the
corresponding forgotten index. We apply this result to triangle-free graphs by obtaining an
upper bound for the size of G in terms of n and the maximum degree A.

Proposition 3.5 Let G be a triangle-free graph with n vertices, m edges and maximum
degree A. Then, m<A(n—A).

Proof. Let v be a vertex of G with maximum degree A. Since G is a triangle-free graph
there are no edges in the neighborhood of v. Moreover, every vertex which is not in the
neighborhood of v has degree at most A. Therefore, the maximum number of edges of G
IS A+(nN—A-1)A=A(N-A). 0

Remark 3.6 The above result is useful if A > n/2. In this case m < A(n - A) < nA/2, which is
an improvement of the trivial bound m < nA/2.

From Proposition 3.5 and Theorem 2.4 we derive the following result.
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Corollary 3.7 Let G be a triangle-free graph with n vertices and maximum degree A > 2

If F(G) is the forgotten index of G, then SO(G) <.,/A(n—A)F(G).
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