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1. INTRODUCTION

Throughout this paper, we are concerned with only simple and finite graphs. For a vertex
v € V(G), the degree of v is denoted by d, and is defined as the number of vertices
adjacent to v. Let N(v) be the neighborhood of the vertex v € V(G), and the maximum
degree of a graph G is denoted by A(G). Let n;(G) (or simply n;) be the number of vertices
of degree i in a graph G and x; ;(G) (or x; ;) denotes the number of edges connecting the
vertices of degree i and j in a graph G. A vertex with degree 1 in a graph is said to be a
pendent vertex and a vertex with degree 3 or more is called a branching vertex. A pendent
path in a graph is a path in which one of the end vertices is pendent and the other is
branching, and all the internal vertices (if exist) have degree 2. An internal path in a graph
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is a path in which both the end vertices are branching and all the internal vertices (if exist)
have degree 2. If G is a graph with vertex set V(G) = {v,,v,,...,v,}, the sequence
(dy,,....d, ) is called a degree sequence of G. Undefined terminology and notation of
(chemical) graph theory can be found in [12, 22, 35].

A topological index is a number that can be associated with chemical structures to
predict their different properties [9]. Topological indices play an important role in
mathematical chemistry particularly in the quantitative structure-property relationship and
quantitative structure-activity relationship investigations. It is generally accepted fact that
Wiener index [37] is one of the first topological indices that found applications in
chemistry.

The first Zagreb index M, (appeared in [20]) and the second Zagreb index M,
(devised in [21]) are among the oldest and the most studied degree-based topological
indices. For a graph G, these indices are defined as:

Ml(G) = ZUEV(G) (dv)z and MZ(G) = ZquE(G) dudv )
where d,,, d,, are degrees of the vertices u, v € V(G), respectively, and E(G) represents the
edge set of G. Till now, many papers have been devoted to these Zagreb indices, for
example, see the surveys [15, 18, 28], particularly the recent ones [1, 7, 10, 11], and the
related references cited therein.

The paper [20], where the first Zagreb index was appeared, also contain another
topological index, which did not gain explicit attention from researchers till 2016.
Recently, this index was reconsidered in [6] and referred to as the modified first Zagreb
connection index. It is denoted by ZC; and for a graph G, it is defined as

ZCl*(G) = ZUEV(G) dUTU
where t,, is the connection number of v (that is, the number of vertices having distance 2
from v, see [36]). The topological index ZC; was referred to as the third leap Zagreb index
in [27]. Detail about the mathematical properties of the index ZC; can be found in [2-5, 13,
14, 23, 26, 29-34, 38, 39]

The problem of finding (lower and upper) bounds on a topological index over the
certain classs of graphs with fixed order and to characterize corresponding extremal graphs,
is one of the most popular research problems in chemical graph theory. Detail about the
research done on these lines can be found in [8, 15-19, 24, 25, 28, 31] and the related
references cited therein.

In this paper, we contribute further in this direction by characterizing the graphs
with the maximum and minimum ZC; values from the class of all n-vertex trees with a
fixed number of branching vertices. Denote by 7, , the class of all n-vertex trees with
exactly b branching vertices. Note that each tree different from the path graph contains at
least one branching vertex, implying b > 1. Also, for an arbitrary tree T € T*,, ,, Lin [25]

proved that b < = — 1. Thus, we assume 1 < b <~ — 1.
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2. MAIN RESULTS

Problem. Characterize all the trees with maximum and minimum modified first Zagreb
connection index from the class 7%, for L < b <~ — 1.

Since T, 1 contains a unique tree T; whereas 7 "5 ; contains only two trees T, and
T5 given in Figure 1, such that ZC; (T,) = ZC; (T3); therefore, we will proceed withn > 6.

1.

Ty 1> 13
Figure 1: Trees for 7%, ; and "5 ;.
Theorem 1. Let T € T, ,wheren > 6and 1 < b <~ — 1, then

. dn+4b—-14 if n=3b+1,
Z61(T) 2{2n+10b—12 if n<3b+1,
with equality if and only if T € B*,,in(n, b), where B*,,;,,(n,b) is the family of all n-

vertex trees with the degree sequence (3,3,...,3,2,2,...,2,11,...,1), and the vertices of
b n—2b-2 b+2
degree 2 are placed between the vertices of degree 3 so that there is at least one vertex of

degree 2 between any two vertices of degree 3 (if we have enough vertices of degree 2, i.e.,
n, = n; — 1 implying n > 3b + 1), and then the remaining vertices of degree 2 (if they
exist) are placed arbitrarily between any two vertices of degree 2 or one vertex of degree 2
and one vertex of degree 3.

Ducoffe in [16] proved that the trees with n > 4 vertices having the maximum
value of modified first Zagreb connection index are the trees with a diameter at most 3, that
is for b = 1 ( respectively b = 2), the star graph (respectively double star graph) gives the
maximum value (n — 2)(n — 1) to ZC;.

Theorem 2. Let T € T, wheren > 6and 3 < b <~ — 1, then

n+2

n?—3n—4b*+12b—6 if 3SbST,
5n2 + 20b% — 20nb — 3n +20b — 22 if nte

3

ZC{(T) <
1) cheroy
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and the equality holds if and only if T = By for 3<b < % where B is a tree with

degree sequence (n —2b +1,3,3,...,.3,11,...,1) given in Figure 2, and T € T, (n, b) for
b-1 n-b

% <b< % — 1, where T (n,b) is the set of n-vertex trees with the degree sequence

(n-2b+133,....3,1,1,...,1) such that the vertex of degree n—2b+ 1 has only
b-1 n-—b
branching neighbors.

3b+4 2

Figure 2: Maximum Tree for 3 < b < nTJrZ

2.1. PROOF OF THEOREM 1

Denote by T,,;,, the tree with minimum modified first Zagreb connection index among all
the members of 7*,, , forn > 6and 1 < b < % — 1. Then the following properties hold for
T;;Lin:

Lemma 1. A branching vertex in the tree T,,;, € 7", , contains at least one non-pendent
neighbor.

Proof. It can easily be observed that for b > 2 the result is obvious, so we prove the result
for b = 1. Contrarily, suppose T,,;, is a star graph that is, the branching vertex v of T,,;,,
contains pendent neighbors only. Let N(v) = {vq,v,,...,v4,} be the set of neighbors of v.
The assumption n > 6 ensures that d, > 5. If a tree T’ is obtained from T,,;, as T' =
Tin — {vvg, vus} + {vv,, vv5}, T' € T, and

ZCi(T") = 26 (Tyn) = (dy = 3)(2(dy —2) =1 —dp +2) + (4(dy —2) =2~ d, + 2)
+(4) + (1) - dv(Zdv -1- dv)
=6-2d, <0,
which is a contradiction to the minimality of T,,,,. O
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Lemma 2. Every branching vertex in the tree T,,;, € 7", , has degree 3.

*

Proof. Contrarily, we assume that the tree T,,;, contains a branching vertex v of degree
greater than 3 such that the degree of v in T,,;,, IS maximum. Suppose N(v) =

{vl, Vy, U3, Vyy vy vdv} such that

d,, =min{d,,, d,,,..., dvdv} and d,,, = max{d,,, d,,, ..., dvdv}'
Let z; denotes a pendent vertex connected to v via v, and z, be the neighbor of z; (z; may
coincide with v, or z, = v if d(v,) = 1).

U3

V4
—'0—0—0—---4—1457)@
zZ1 22 V1T v V4, Vo2 21 22 U1 v

min

Figure 3: T,,;,, and T

Let T’ be the tree obtained from T,,;,, by deleting the edge vv, and adding the new edge
z1v, (see Figure 3). We note that T' € 7*,, ,, and the only vertices whose degrees differ in
Tminand T" are v and z;. If v, # z, 0rd, >1,d,, =2for2<i<d,. Also, by keeping

in mind the facts d,, < d,, and $;2, ., (2d,, — 1)) = 9, we have

i=1i%
dy
26T = 2Ci(Tyun) = ) (2(dy = Dy, = dy, — dy +1) + (4d,, -2 - dy,)
i=1,i#2
+(4dy, — 2 = dy,) = X% 1y (dydy, — dy, — d,)

_(Zdzz -1- dzz) - (Zdvdvz - dv - dvz)
= -3 ., (2d,, — 1)) + 2d,, + 4d,, — 2d,d,, +d, — 3
< 4d,, — 2d,d,,, + 3d, — 12,
which is negative because the function f defined by f(a,b) = 4a — 2ab + 3b — 12, with
a =2 and b > 4, is negative, and hence we have ZC{(T") < ZC;(T,,;,,), @ contradiction to
the choice of T,,;,.
Also, in a special case when v, = z; (i.e., z, = v), Lemma 1 ensures that d,,, = 2 and
Y& (2d,, — 1)) = 2 we have,
ZCI(T") = ZC{ (Thin) = 2i25 (2(dy — 1)dy, — dy, — dy + 1) + (4dy, =2 — d,)
+(4(dy — 1) =2 —d, + 1) = 3% (2(dy)dy, — dy, — d,)
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-(2d, —1—-d,) - (2d,d,, — d, — dy,)

=-¥", (2d,, — 1)) +4d,, — 2d,d,, +d, — 6

<4d,, —2d,d,, +3d, -8
which is negative because the function f defined by f(a,b) = 4a — 2ab + 3b — 8 with
a =2 and b = 4, is negative, and hence a contradiction. m

Consequently, in the tree T,,;, there are only vertices of degree 1, 2, or 3. Now
keeping in mind n; = 0 for i > 4 and using the facts ); in; = 2(n — 1) and };; n; = n, we
arrive at n; = ny + 2. Also, it holds that n, = b + 2 and n, = n — 2b — 2 since n; = b.
Now we prove some more lemmas to obtain the structure of T,,,;,,.

Lemma 3. If a branching vertex v in the tree T, € T",, contains a non-pendent
neighbor (say) w, then T,,;, does not contain any pendent path of length greater than 1
adjacent to the vertex v via a neighbor different from w.

Proof. Contrarily, assume that there is a path P:uguqu,... us_qusv with t > 1 in T,
where d, = 1,d,, =dy, = =d,, =2and v, # w.
Let T' =T, — {uouq, ugv, vw} + {uyv,vu, u,w}. We can observe that
T' €T, .AsLemma 2 ensures that d,, = 3, also using d,, = 2, we have
ZC; (Typin) — ZC{(T") = 2(dy, — 1) > 0,
which implies that ZC;(T") < ZC;{ (T,,i»), hence a contradiction to the choice of 7,,,;,,. O

in

Lemma 4. If the tree T,,;,, € T, contains any pair of adjacent branching vertices then it
does not contain any internal path of length greater than 2.

Proof. Suppose, on the contrary, that there is an internal path P:u u, ---u, of length at
least 3 in T,,;, provided that u; and u, are branching vertices, let there also exists a pair of
adjacent, branching vertices v and v in T,,;,. Lemma 2 confirms that d, =d, = 3. If
T' = Thin — {uuz, upuz, uv} + {ujuz, uuy, uv}, T' € 7%, , and

ZC{(Tpin) —ZC(T)=2>0
or ZC;{(T') < ZC;{ (Tp,;), Which is a contradiction to the choice of T,,;,,. O

Now, we can prove Theorem 1.

Proof of Theorem 1. By Lemmas 1-4, one can conclude that the tree T,,;, from 7", ,
must belong to B*,,in(n, b). We have further two cases:
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For n<3b+1 we get x;, =x,,=0, x;3=b+2, x,3=2n—-4b—4 and
x33 = 3b—n+ 1. Therefore, ZC{ (Tin) = X12 + 4%y +2x13 + Tx33 + 12x33 = 2n +
10b — 12.

Similarly, for n>3b+1, we have x,, =0, x,, =n—3b—1, x;3=Db+2,
Xp3 = 2b—2 and x33 = 0. Hence, ZCi (Tin) = X12 +4x3, +2x13 + TXp3 + 12x33 =
4n + 4b — 14 which completes the proof. O

2.2. PROOF OF THEOREM 2

We first find the structure of the tree that maximizes the modified first Zagreb connection
index among all n-vertex trees with a fixed number of branching vertices. Now, let T}, be

the tree with maximum ZC; value among all the members of 7%, , for 3< b < % —1.To
prove the main result of this section, we need to establish some lemmas first.

Lemma 5. The tree T, € T7,,, does not contain any vertex of degree 2.

Proof. Recall that b > 3. Contrarily suppose T4, contains a vertex u of degree 2 adjacent
to a branching vertex w. Let N(u) = {v,w} and N(w) = {u,wy,wy,...,.wq, _1}. If T" is
the tree obtained from T,,,, by deleting the edge uv and adding the new edge vw, T' €
T*np and keeping in mind the fact b >3 which implies that if d, =1 then

Yt (2d,, — 1) = 4,and if d, > 1 then X3¥ ™ (2d,,, — 1) > 2, we have
ZC:(T") — zc:1 (Trha) = (2@, +1)—1—d, — 1)+ (2(d, + 1)d, —d,, — 1 — d,)
+30v Wy, + 1)d,y, - dy, — dy, — 1)
— (4d, —2—dv)—(4dw—2—dw)
-Xvt (2dydy,, — dyy, — dy)
=(d, —1)(2d, —3) + zdw‘l (2dy, — 1)
>2(2d, —3) + X% " (2d,, — 1)

> 0,
which is a contradiction. O

Consequently, Lemma 5 ensures that the tree T,,,, contains only pendent vertices
and branching vertices. Denote by p(x) the sum of the degrees of vertices adjacent to a
vertex x in Ty, ,,.. We also need the following result:

Lemma 6. If the tree T,,,, contains two vertices u and v with degrees at least 4 (i.e.
d, =4 and d, = 4) with assumptions N(u) = {uy, uy,..., ug, }, N) = {vy,v3,...,v4,}
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and u(v) = u(u) such that u is connected to v via u, (it may be u; = v), then there is a
tree T' = Thax —{uuiid4 <i<d,}+{vu;:4<i<d,}suchthat T' € 7", , (see Figure
6) and ZC; (Tpax) < ZC{(T").

)¢ - - -
V2 U2 us V2 U2 us
Vd,, ._I_k ces . Vd,, .. J
v 1 U1 u (/51 u
ud“ U
* /
Tonaz b T

u

Figure 4: Ty, and T'.
Proof. We consider the following cases:

Case 1. The vertices u and v are non-adjacent.
ZCH(T") = ZC; (Thax) = i2y (2dy(dy +dy — 3) — dyy, — d,y — dyy +3)

+ 352, (2dy,(dy +dy —3) —dy, —dy — dy, +3)
+(6d,, —3—d, )+ (6dy, —3—dy,)
+(6dy, — 3 —dy,) — X2, (2dy,d, — dy, — dy)
— %0, (2dy,dy — dy, — dy) — (2dy, dy — dy, — dy)
—dy,dy — dy, — dy) — (2dy,dy — dyy, — dy)
= (dy - 3)(E, (2d,, — 1) — T3, (2dy, — 1))
+(dy —3) X5, (2d,, — 1)
> 0,

which is a contradiction, where we have used the facts Zf;’l (2d,,—1) = >3, (2d,, —

1), %%, (2dy,—1) 2 1,d, >3and d,, > 3.

Case 2. The vertices u and v are adjacent, that is, v; = u (and also v = u,).
Denote by u., (v) (respectively u.,,(u)) the sum of the degrees of vertices adjacent to v
(respectively w), different from u (respectively v). Now, we compare p., (v) and g, (w).
Suppose, without loss of generality, pu.,(u) < u.,(v). We can transform the tree T, .,
into the tree T, as described in Case I. It holds that
ZCH(T") = ZCi (Thax) = 22, (2dy (dy + dyy —3) = dyy, — d,y — dy, +3)

+ X0, (2dy (dy +dy —3) — dy; —dyy — dy +3)

+(6dy, —3—dy,) +(6dy, —3—dy;)
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+ (6(d, +d, —3)—3—d, —d, +3)

-2, dy,d, — dy, — dy) — 5%, (2dy,dy — dy, — dy)

-(2d,d, — dy, — dy) — (2dyd,y, — dyy — dy,)

—(2d,dy, — dy — dy,)

= (d, - 3) (T2, @dy, — 1) = ¥, (2dy, — 1) — (d, — 3))

+(dy — )y @dy; — 1) = (du —3))

> 0,
which is again a contradiction to the choice of T,,,, due to the fact b > 3 implying that
either %1, (2d,, — 1) > ¥}, (2dy, — 1) — (d, —3) and X%, (2d,, — 1) = (dy — 3)
or %%, (2d, — 1) = ¥, (2dy, — 1) — (dy — 3) and X7¥, (2dy, — 1) > (d,, — 3). This
completes the proof. O

Let V3 (Tmax) = {Vm, V1, V2, ++, Vp_1 } denote the set of all branching vertices from
Tmax @nd A denote the maximum degree among the vertices of T,,,, then using Lemmas 5
and 6, one can conclude that there is at most one branching vertex in T,,,, of degree greater
than 3. Letd, =3 for1 <i<b—1andd, 6 =A. Hence, T.(n b) is the collection of
trees with maximum ZC; with n; = b — 1, n; =n — b also the fact }; in; = 2(n— 1)
implies that A = n — 2b + 1. Now, we need to place the pendent vertices and the vertices
in the set V5(Tpay) SO that we may get the maximum tree T,y,,,. For this purpose, we
establish the following lemmas:

Lemma 7. If n; < 4, then every vertex of degree 3 in T,;,,, is adjacent to the vertex v,,, of
degree A.

Proof. Suppose there exists a branching vertex v; (1 <i < b — 1) non-adjacent to v,,, and
ns = b — 1 < A. So, there must be a pendent neighbor (say) w of v, in Ty, LEt N(v;) =
{vj,z1,2,} (L < j < b—1,j#i), where z; and z, are either pendent or branching vertices
different from v, and v; is connected to v, via dvj. Denote by T' the tree obtained from

Thax 8 T' = T — {vjvi, wop} + {v;v, Wy},

C oz v vy Um vy Um

1> T’

max

Figure 5: Ty, and T'.
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Clearly, the newly obtained tree T' belongs to 7%, , (see Figure 5) and 3 < b < nT” It

holds
ZCl*(T,) - ZCl*(Tr;Lax) = (ZAdvi —A- dvi) + (Zdvi - dvi - 1)
—(ZdUide —dy, — dvj) —(20-A-1)
=4(A—-3) >0,
which is a contradiction. O

Note that, Lemma 7 ensures that the maximum tree Tyoy forb—1<n-—-2b+1

or3<h< nT” must be B given in Figure 2. Now, we consider the case if n; > A (i.e.
n+2
3
vertex v,, has only branching neighbors, so we have the following result:

<bh< % — 1), there is at least one vertex of degree 3 non-adjacent to v,,. Besides, the

Lemma 8. Ifatree T € 7", , contains a vertex u of degree 3 with branching neighbors z,
v and w, with d,>3,d, =d,, =3 and N(w) = {u,w;,w,}, then a tree T'=T —
{zu, wyw} + {w,u, zw} can be obtained from T(see Figure 8) such as T' € T*,,,,, and
2C;(T") = ZC{(T).

W1'e' ‘eW2

Figure 6: The Trees T and T'.

Proof. It is obvious that T' € 7*,, ,. Also, it holds that
ZC(T') —zc{(T) = (2d, 4y, — dy, — dy,) + (2d,d,, — d, — d})
-(2d,d, - d,-d,) - (2d,4d,, —d, —dy,)=0.
O
Consequently, using Lemmas 5-8, one can conclude that in order to maximize ZC;,
we place the vertices of degree 3 in the neighbors of v,, such that there is no pendent
neighbor of v,,, then the remaining vertices of degree 3 can be placed arbitrarily in the
neighbor of any pendent vertex adjacent to a vertex of degree 3.
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Figure 7: The base B; of a tree with maximum ZCy for % <b< % -1
Hence, T4, Can be constructed, by starting from the tree B; given in Figure 7, and then
inserting the remaining vertices of degree 3 arbitrarily in the neighbor of any pendent

vertex adjacent to a vertex of degree 3. So, the next result follows:

Proof of Theorem 2. Using Lemmas 5-7 one can conclude that the maximum tree Ty, =
Bl for2<b < % given in Figure 2 which implies that x; 3 = 2n; =2b — 2, x;0 = A —

ny=n—3b+2, x3p=n3=b—1 and x33 =0. Hence, ZC;(Tpmayx)=n*—3n—
n+2

4b%2+12b—6for3 < b <=

n_+2
3

by starting from the tree B; given in Figure 7 and then inserting the remaining vertices of

degree 3 arbitrarily in the neighbor of any pendent vertex adjacent to a vertex of degree 3

which implies that Ty, € Ty (n,b) and x;3 =ny =n—b,x;4 = 0,x3p =A=n—2b+

1 and x33 =n3 —A=3b—n—2. Hence, ZC;(Tpnqa) = 5n*+ 20b* —20nb — 3n +

20b — 22 for 22

3

Now, using the results in Lemmas 5-8 one can construct Ty, for <b< %— 1

<b< % — 1 which completes the proof. O
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