
Iranian J. Math. Chem. 11 (3) September (2020) 201 − 211 

 

 
 
Extremal Polygonal Cacti for Wiener Index and Kirchhoff 
Index 
 
 
MINGYAO ZENG, QIQI XIAO, ZIKAI TANG, HANYUAN DENG 

Key Laboratory of Computing and Stochastic Mathematics (Ministry of Education), 
College of Mathematics and Statistics, Hunan Normal University, Changsha, Hunan 
410081, P. R. China 
 
 

ARTICLE INFO  ABSTRACT 
Article History: 
Received: 2 April 2020 
Accepted: 20 August 2020 
Published online 30 September 2020 
Academic Editor:  Akbar Ali 

For a connected graph ܩ, the Wiener index ܹ(ܩ) of ܩ is the sum of 
the distances of all pairs of vertices, the Kirchhoff index (ܩ)݂ܭ of 
-݇ is the sum of the resistance distances of all pairs of vertices. A ܩ
polygonal cactus is a connected graph in which the length of every 
cycle is ݇ and any two cycles have at most one common vertex. In 
this paper, we give the maximum and minimum values of the 
Wiener index and the Kirchhoff index for all ݇-polygonal cacti with 
݊  cycles and determine the corresponding extremal graphs, 
generalize results of spiro hexagonal chains with ݊ hexagons. 
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1. INTRODUCTION  

In this paper, we only consider the simple undirected and connected graphs. Let ܩ =  (ܧ,ܸ)
be a graph with vertex set (ܩ)ܸ   and edge set (ܩ)ܧ . For ݑ ∈ (ܩ)ܸ (ݑ)ܰீ ,  and ݀ீ(ݑ) 
denote the neighbor set and the degree of vertex ݑ  in G , respectively, where (ݑ)ீ݀  =
| For convenience, we usually simplify as ௨ܰ and ݀௨ .|(ݑ)ܰீ . The distance between any 
two vertices of ݑ and ݒ is the length of a shortest path from ݑ to ݒ in the graph ܩ, denoted 
by ݀ீ(ݑ, ݑ If .(ݒ,ݑ)݀ or (ݒ ∈ ܩ and (ܩ)ܸ − -is not connected, then u is said to be a cut ݑ
vertex of ܩ. 

A cactus graph is a connected graph in which no edge lies in more than one cycle, 
for short, a cactus graph is also called a cactus. In fact, a graph ܩ is a cactus if and only if 
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each block of ܩ  is either an edge or a cycle. A cycle of length ݇ is usuall called a ݇-
polygon. If each block of a cactus ܩ is a ݇-polygon, then ܩ is called a ݇-polygonal cactus. 
For convenience, a ݇-polygon is usually referred to as a polygon. 

Let ܩ௡,௞ denote the set of all ݇-polygon cacti with ݊ ≥ 3 blocks. Let ܩ ∈  ௡,௞ andܩ
݇ a ܥ -polygon of ܩ . If ܥ contains exactly one cut-vertex, then ܥ  is called a terminal 
polygon; Otherwise, ܥ is called a non-terminal polygon, i.e., a non-terminal polygon is a 
polygon contains at least two cut vertices. 

A cactus chain is a special ݇-polygonal cactus such that each polygon has at most 
two cut-vertices, and each cut-vertex is shared by exactly two polygons. In fact, A ݇-
polygonal cactus is a cactus chain if and only if the smallest connected subgraph which 
contains all cut-vertices is a path. If ܩ is a cactus chain, then the number of polygons is 
called the length of ܩ. Furthermore, if ܩ is a cactus chain and the distance between two cut-
vertices of each non-terminal polygon is  ቔ୩

ଶ
 ቕ, then ܩ is called a linear cactus chain. By the 

definition, the linear cactus chain with ݊ polygons is unique and denoted by ܮ௡,௞. 
A star-like cactus is the special ݇-polygonal cactus with ݊ polygons such that all 

polygons have a common vertex, i.e., all polygons are terminal polygons. By the definition, 
it is unique and denoted by ௡ܹ,௞ , and ௡ܹ,௞  contains exactly one cut-vertex with degree 2݊, 
and the degree of all the other vertices is 2. 

In [17], Wang et al. gave the first three smallest Kirchhoff indices among all cacti 
possessing ݊ vertices and ݐ cycles. In [21], Ye et al. determined the minimum value and 
maximum values of general sum-connectivity index, general Platt index and second Zagreb 
index, respectively, among the class of ݇-polygonal cacti with ݊ polygons. In this paper, we 
will give the maximum and minimum values of the Wiener index and the Kirchhoff index 
among all ݇-polygon cacti with ݊ ≥ 3 blocks and characterize the corresponding extremal 
graphs as well. 

The Wiener index ܹ(ܩ) of a graph ܩ  is based on the distances between vertex 
pairs, first proposed by H. Wiener [18] in 1947, and defined as the sum of the distances of 
all vertex pairs, i.e, ܹ(ܩ)  = ∑ ݀ீ{௨,௩}⊆௏(ீ) ,ݑ)  The Wiener index is used to describe .(ݒ
the molecular structure, which was originally applied in the field of chemistry, and now is 
also widely used in social relationship measurement and social network, see [5, 6, 8, 14, 15, 
16].  

In 1993, Klein and Randić [11] introduced another distance function, the resistance 
distance, on the basis of electrical network theory. Inserting a unit resistance between each 
edge in ܩ, the resistance distance between vertices ݑ and ݒ of ܩ is the effective resistance 
between vertices ݑ and ݒ, denoted by ீݎ ,ݑ)  ௨௩ . Based on the resistance distance, theݎ or (ݒ
Kirchhoff index (ܩ)݂ܭ of a graph ܩ is defined as the sum of the resistance distances of all 
vertex pairs, i.e., (ܩ)݂ܭ = ∑ (ீ)௏⊇{௨,௩}ݎீ .(ݒ,ݑ)  For a vertex ݑ ∈ (ܩ) ܸ  , let ܭ ௨݂(ܩ) =
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∑ (ீ)௨⊆௏ݎீ ,ݑ) (ݒ , then (ܩ)݂ܭ = ଵ
ଶ
∑ ܭ ௨݂௨∈௏(ீ) .(ܩ)  As a useful structure-descriptor, the 

Kirchhoff index was well studied in [11, 13]. Much work has been done to compute the 
Kirchhoff index of some classes of graphs, such as complete graphs, cycles, distance 
transitive graphs, circulant graphs, linear hexagonal chains, unicyclic graphs and so on, see 
[1, 2, 3, 4, 7, 9, 10, 12, 17, 19, 20, 22, 23]. 
 
2. THE EXTREMAL GRAPH WITH THE MAXIMUM INDEX  

In this section, we will determine the ݇-polygonal cactus with the maximum Wiener index 
and the maximum Kirchhoff index among all ݇-polygon cacti with n blocks for ݇ ≥  3 and 
݊ ≥  3. 

Firstly, we introduce some lemmas. 
 

Lemma 1. [11] Let ݔ be a cut vertex of a connected graph ܩ and a, b be vertices occurring 
in different components of ܩ − ݎீ Then .ݔ (ܽ,ܾ) = ݎீ (ܽ, (ݔ + ݎீ ,ݔ) ܾ). 
 
Lemma 2. [7, 17] Let ܩଵ and ܩଶ be connected graphs. ݔଵ ∈ ଶݔ and (ଵܩ)ܸ ∈  is ܩ If .(ଶܩ)ܸ
obtained by identifying ݔଵ  with ݔଶ  , then (ܩ)݂ܭ = (ଵܩ)݂ܭ  + (ଶܩ)݂ܭ  + ݊ଵܭ ௫݂మ(ܩଶ) +
݊ଶܭ ௫݂భ(ܩଵ), where ܭ ௫݂೔(ܩ௜) = ∑ ݎீ ೔௬ఢ௏(ீ೔) ,௜ݔ) and ݊௜  ,(ݕ = |(௜ܩ)ܸ| − 1 for ݅ = 1,2. 
 
Lemma 3. If ܩ ∈  ,௡,௞ with the maximum Wiener index or the maximum Kirchhoff indexܩ
where ݇ ≥  3, ݊ ≥  3, and ܥ is a ݇-polygon in ܩ with exactly two cut-vertices, then the 

distance between two cut-vertices of ܥ is  ቔ௞
ଶ

 ቕ. 
 

 
Figure 1: The graphs G and G'. 

 
 
Proof. Let ܥ = ଶݓଵݓ ௜ݓ… ܩ  ଵ be a non-terminal polygon ofݓ௞ݓ… ∈ ௜ݓ ଵ andݓ , ௡,௞ܩ  its 
two cut-vertices. ܩଵ  and ܩଶ  are the components of ܩ − (ܥ)ܧ  containing ݓଵ  and ݓ௜  , 
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respectively. If 2 ≤ ݅ ≤ ቔ௞
ଶ

 ቕ , then we only need to show that ܹ(ܩ′) > (ܩ)ܹ  and 

(′G)݂ܭ > ′ܩ where ,(ܩ)݂ܭ = ܩ − ݑ௜ݓ − ௜ݓ ݒ  + ݑቔೖమ ቕାଵݓ +  .see Figure 1 ,ݒቔೖమ ቕାଵݓ

Let ଵܸ = ଶܸ ,(ଵܩ)ܸ = (ଶܩ)ܸ ∪ ଵܸ ,(ܥ) ܸ
ᇱ =  ଵܸ − ଶܸ ,{ଵݓ}

ᇱ =  ଶܸ −  We have .{ଵݓ}
 

(ᇱܩ)ܹ    = (ܩ)ܹ− ∑ [݀ீᇲ௫,௬∈௏(ீ) ,ݔ) (ݕ −  [(ݕ,ݔ)ீ݀
                              = ∑ [݀ீᇲ௫,௬∈௏భ ,ݔ) (ݕ − [(ݕ,ݔ)ீ݀ + ∑ [݀ீᇲ௫,௬∈௏మ (ݕ,ݔ) − ,ݔ)ீ݀  [(ݕ

                          +∑ [݀ீᇲ௬∈௏భᇲ ,௫∈௏మᇲ
,ݔ) (ݕ −  [(ݕ,ݔ)ீ݀

                          = ∑ [݀ீᇲ௬∈௏భᇲ,௫∈௏మᇲ
(ݕ,ݔ) − ,ݔ)ீ݀  [(ݕ

                          = ∑ [݀ீᇲ௬∈௏భᇲ,௫∈௏(ீమ) ,ݔ) (ݕ −  [(ݕ,ݔ)ீ݀

                          = ∑ [(݀ீᇲ௬∈௏భᇲ,௫∈௏(ீమ) ൬ݓ,ݔቔೖమ ቕାଵ൰ + ݀ீᇲ ൬ݓቔೖమ ቕାଵ,ݓଵ൰ + ݀ீᇲ(ݓଵ,ݕ)) 

(௜ݓ,ݔ)ீ݀)−                           + (ଵݓ,௜ݓ)ீ݀ + ,ଵݓ)ீ݀  [((ݕ

                          = ∑ [݀ீᇲ௬∈௏భᇲ,௫∈௏(ீమ) ൬ݓቔೖమ ቕାଵ,ݓଵ൰ − ௜ݓ)ீ݀  [(ଵݓ,

                          = ∑ ݀ீ௬∈௏భᇲ,௫∈௏(ீమ) ൬ݓቔೖమ ቕାଵ,ݓ௜൰ > 0, 

i.e., ܹ(ܩ ′) >  .(ܩ)ܹ
Next, we consider the Kirchhoff index. Let ܪଶ and ܪଶ′ be the induced subgraphs by 

(ܥ)ܸ ∪ ܩ in (ଶܩ)ܸ  and ܩ′ , respectively, ݊ଵ = | ଵܸ| − 1 and ݊ଶ = | ଶܸ| − 1. By Lemma 2 
and Lemma 1, we have 
(ᇱܩ)݂ܭ  − = (ܩ)݂ܭ (ଵܩ)݂ܭ] + (′ଶܪ)݂ܭ  + ݊ଵܭ ௪݂భ(ܪଶ′ )  +  ݊ଶܭ ௪݂భ

 [(ଵܩ)
(ଵܩ)݂ܭ] −                           + (ଶܪ)݂ܭ + ݊ଵܭ ௪݂భ(ܪଶ) + ݊ଶܭ ௪݂భ

 [(ଵܩ)
                          = ݊ଵ[ܭ ௪݂భ

( ′ଶܪ) − ܭ ௪݂భ
 [(ଶܪ)

                          = ݊ଵ ∑ ᇲ௫∈௏(ீమ)ீݎ)] ൬ݓ,ݔቔೖమ ቕାଵ൰ + ᇲீݎ ൬ݓቔೖమ ቕାଵ,ݓଵ൰) 

ݎீ)−                           (௜ݓ,ݔ) + ௜ݓ)  [((ଵݓ,

                          = ݊ଵ∑ ᇲ௫∈௏(ீమ)ீݎ] ൬ݓቔೖమ ቕାଵ,ݓଵ൰ − ݎீ  [(ଵݓ,௜ݓ)

                          = ݊ଵ ∑ ᇲ௫∈௏(ீమ)ீݎ ൬ݓቔೖమ ቕାଵ,ݓ௜൰ > 0, 

i.e., (′ ܩ)݂ܭ >   .(ܩ)݂ܭ
 � 

Let ܩ  ∈ ௡,௞ܩ  , ݇ ≥  3  and ݊ ≥  3 , and let ܥଵ ,ܥଶ, ௦ܥ, …  be ݏ)ݏ ≥ 1)  cycles of 
length ݇ in ܩ, ଵܸ = (ଵܥ)ܸ ∪ (ଶܥ)ܸ ∪···∪ ݑ ,(௦ܥ)ܸ ∈  but not a cut ܩ ଵ is a cut vertex ofܥ 
vertex of ܩ[ ଵܸ]. If ܩ[ ଵܸ] is a cactus chain and each ݇-polygon of {ܥଵ ,ܥଶ, …  ௦} has atܥ,
most two cut-vertices in ܥ ,ܩ௦  is a terminal polygon of G, the degree of each vertex of 
૚܄ − {u} is at most four in ܩ, then ܩ[ ଵܸ] is called a pendent cactus chain of length ݏ of ܩ, 
and ܥ௦ିଵ is called a neighbor polygon of  the pendent cactus chain [21]. 
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From the definition, if ܩ[ ଵܸ] is a pendent cactus chain of length ݏ ≥  2, then for 1  
i  s – 1 and 2  j  s – 1,  each ܥ௜ contains exactly two cut-vertices in ܩ, and the degree of 
every cut-vertex of ܥ௝ is equal to four in ܩ. 

Let ܩ ∈ ௡,௞ܩ  ,  ݇ ≥  3  and ݊ ≥  3  and let ܥଵ ,ܥଶ,··· ,ܥ௦ା௧  be ݏ + ݏ)ݐ ≥ 1, ݐ ≥
1) cycles in ܩ  such that the induced subgraphs ܩ[ܸ(ܥଵ) ∪ (ଶܥ)ܸ ∪···∪ [(௦ܥ)ܸ  and 
(௦ାଵܥ)ܸ]ܩ ∪ (௦ାଶܥ)ܸ ∪···∪  ݐ and ݏ are two pendent linear cactus chains of length [(௦ା௧ܥ)ܸ
respectively, i.e., the distance between two cut-vertices in the each cycle ܥ௜ is ቔ௞

ଶ
 ቕ.  

(i) If ݑ଴ ∈ (ଵܥ)ܸ ∩ (଴ݑ)ீ݀ and (௦ାଵܥ)ܸ ≥ 6, then ݑ଴ is called a special vertex of ܩ; 
(ii) If ܥ଴ is a ݇-polygon of ܩ with at least three cut-vertices in ܩ such that ܸ(ܥଵ) ∩
(଴ܥ)ܸ = (௦ାଵܥ)ܸ ଴ andݒ ∩ (଴ܥ)ܸ =  ଴ is calledܥ 4, then =(଴ݒ)ீ݀ =(଴ݓ)ீ݀ ଴ withݓ
a special polygon of ܩ. 

The following result shows that the ݇-polygon cactus with the maximum Wiener 
index or the maximum Kirchhoff index has no special vertices. 
 
Lemma 4. If ܩ ∈  ,௡,௞ with the maximum Wiener index or the maximum Kirchhoff indexܩ
then ܩ has no special vertices. 

  
Figure 2: The graph G in Lemma 4.  

 
Proof. Let ܩ ∈ ௡,௞ܩ  with the maximum Wiener index or the maximum Kirchhoff index. By 
Lemma 3, all pendent chains in ܩ are linear. If ܩ has a special vertex ݑ଴, then there are 
ݏ + ݏ)ݐ ≥ 1, ݐ ≥ 1) cycles ܥଵ ,ܥଶ,··· ,ܥ௦ା௧ in G such that the induced subgraphs ܩ[ܸ(ܥଵ) ∪
(ଶܥ)ܸ ∪···∪ [(௦ܥ)ܸ  and ܩ[ܸ(ܥ௦ାଵ) ∪ (௦ାଶܥ)ܸ ∪···∪ [(௦ା௧ܥ)ܸ  are two pendent linear 
cactus chains of length ݏ and ݐ, respectively, and ݑ଴ ∈ (ଵܥ)ܸ ∩ (଴ݑ)ீ݀ and (௦ାଵܥ)ܸ ≥ 6, 
see Figure 2, i.e., ܩ  is obtained from ܩଵ  and ܩଶ  by identifying ݑ଴ ∈ (ଵܩ)ܸ  with ݓଵ ∈
ଶܩ where ,(௦ାଵܥ)ܸ = (௦ାଵܥ)ܸ]ܩ ∪ (௦ାଶܥ)ܸ ∪···∪  . ௡,௦ା௧ܮ is the linear chain [(௦ା௧ܥ)ܸ
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Let ′ = ܩ − ଶݓ଴ݑ − ௞ݓ଴ݑ + ଵݓቔೖమ ቕାଵݑ + ௞ݓቔೖమ ቕାଵݑ  , then ܩ′ ∈ ௡,௞ܩ . Note that ܹ(ܩ) =

(ଵܩ)ܹ + (ଶܩ)ܹ + ∑ ௫∈௏భ(ݕ,ݔ)ீ݀ ,௬∈௏మ (′ܩ)ܹ , = (ଵܩ)ܹ + (ଶܩ)ܹ + ∑ ݀ீᇲ(ݔ, ௫∈௏భ,௬∈௏మ(ݕ , 
where ଵܸ = (ଵܩ)ܸ  − and ଵܸ {଴ݑ} = (ܩ)ܸ − (ଵܩ)ܸ , we have ܹ(ܩᇱ) (ܩ)ܹ− =
∑ [݀ீᇲ(ݕ,ݔ) − ,ݔ)ீ݀ ௫∈௏భ(ݕ ,௬∈௏మ ] > 0.Similarly,  

 

(ᇱܩ)݂ܭ  − (ܩ)݂ܭ = ∑ ,ݔ)ᇲீݎ] (ݕ − ݎீ ,ݔ) ௫∈௏భ(ݕ ,௬∈௏మ ] > 0. 
 

So, ܹ(ܩᇱ) > (ܩ)ܹ  and  ݂ܭ(ܩᇱ) > (G)݂ܭ ,  a contradiction to ܩ  with the maximum 
Wiener index or the maximum Kirchhoff index.                                                                   � 

 
Now, we will show that the ݇-polygon cactus with the maximum Wiener index or 

the maximum Kirchhoff index also has no special polygons. 
 
Lemma 5. If ܩ ∈  ,௡,௞ with the maximum Wiener index or the maximum Kirchhoff indexܩ
then ܩ has no special polygon. 

 
Proof. Let ܩ ∈ ௡,௞ܩ  with the maximum Wiener index or the maximum Kirchhoff index. By 
Lemmas 3 and 4, all pendent chains in ܩ are linear and ܩ has no special vertices. 

If ܩ has a special polygon ܥ଴ , then there are ݏ + ݏ)ݐ ≥ 1, ݐ ≥ 1) cycles Cଵ , Cଶ, … ,
௦ା௧ܥ  in G  such that the induced subgraphs ܮ௡,௦ = (ଵܥ)ܸ]ܩ ∪ (ଶܥ)ܸ ∪···∪  and [(௦ܥ)ܸ
௡,௧ܮ = (௦ାଵܥ)ܸ]ܩ ∪ (௦ାଶܥ)ܸ ∪···∪ [(௦ା௧ܥ)ܸ  are two pendent linear cactus chains of 
length ݏ   and ݐ , respectively, ݒ଴ ∈ (ଵܥ)ܸ ∩ (଴ܥ)ܸ ଴ݓ , ∈ (௦ାଵܥ)ܸ ∩ (଴ܥ)ܸ  and ݀ீ(ݓ଴) = 
(଴ݒ)ீ݀ = 4, i.e., ܩ  is obtained from ܥ଴ ∪ ଵܩ ··· ∪ ௥ܩ ௡,௦ܮ ,  and ܮ௡,௧  by identifying ݒ଴ ∈
(଴ܥ)ܸ  with ݒଵ ∈ (ଵܥ)ܸ  and identifying ݓ଴ ∈ (଴ܥ)ܸ  with ݓଵ ∈ (௦ାଵܥ)ܸ , where ܥଵ =
ଶݒଵݒ … ଵݒ௞ݒ  with two cut-vertices ݒଵ  and ݒቔೖమ ቕାଵ ௦ାଵܥ , = ଶݓଵݓ ଵݓ௞ݓ…  with two cut-

vertices ݓଵ  and ݓቔೖమ ቕାଵ  and ܥ଴ ∪ ଵܩ ··· ∪ ௥ܩ  is obtained by attaching ݇-polygons ܩ௜ (1 ≤

 i ≤  r) to cut-vertices ݒ௜ of ܥ଴ , see Figure 3. Let ܩ′ = ܩ − ଶݓ଴ݓ − ௞ݓ଴ݓ + ଶݓቔೖమ ቕାଵݑ +

௞ݓቔೖమ ቕାଵݑ  where ݑଵ  and ݑቔೖమ ቕାଵ  are two cut-vertices of ܥ௦ = ଶݑଵݑ  ··· ଵݑ௞ݑ  in ܩ଴ . Then 

଴ܩ ∈ ௡,௞ܩ  , and ܹ(ܩ) =  ෌ (௜ܩ)ܹ
௥
௜ୀଵ (ܪ)ܹ  + ,  +  ∑ ௫∈௏భ(ݕ,ݔ)ீ݀ ,௬∈௏మ (′ܩ)ܹ  =

෌ (௜ܩ)ܹ
௥
௜ୀଵ + ܹ൫ܮ௡,௦ା௧ାଵ൯ + ∑ ݀ீᇲ(ݕ,ݔ)௫∈௏భ ,௬∈௏మ , where ܪ is the induced subgraph of ܩ 

by ܸ(ܥଵ) ∪ (ଶܥ)ܸ ∪···∪ ଴ܥ ௡,௦ା௧ାଵ is the linear chain consisted ofܮ ,(௦ା௧ܥ)ܸ ∪ ଵܥ ··· ∪  ௦ା௧ܥ
in ܩ଴  , ଵܸ = (ܪ)ܸ − ܴ  and ଶܸ = (ܩ)ܸ − (ܪ)ܸ  and ܴ = , ଴ݓ}  , ଴ݒ , ···,ଵݒ  ௧} is the set ofݒ
cut-vertices of ܥ଴  in ܩ . Note that ܹ(ܪ) ≤ (௡,௦ା௧ାଵܮ)ܹ  since ݀ீ(ݒ଴,ݓ଴) ≤ ௞

ଶ
, and 

∑ ௫∈௏భ(ݕ,ݔ)ீ݀ ,௬∈௏మ   −   ∑ ݀ீᇲ(ݔ, ௫∈௏భ,௬∈௏మ(ݕ   =  ∑ ,ݔ)ீ݀] −(ݕ ݀ீᇲ(ݔ, ௫∈௏భ,௬∈௏మᇲ[(ݕ , where 

ଶܸ
ᇱ = ௦ାଵܥ) ܸ ∪ ··· ∪ (௦ା௧ܥ −  ,Therefore .{ଵݓ}
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 ∑ ,ݔ)ீ݀] −(ݕ ݀ீᇲ(ݔ, ௫∈௏భ,௬∈௏మᇲ[(ݕ   

      = ∑ ((ݕ,଴ݓ)ீ݀+(଴ݓ,ݔ)ீ݀)] − (݀ீᇲ ൬ݑ,ݔቔೖమ ቕାଵ ൰+ ݀ீᇲ ൬ݑቔೖమ ቕାଵ, ൰)]௫∈௏భ,௬∈௏మᇲݕ  

                  = ∑ (଴ݓ,ݔ)ீ݀] − ݀ீᇲ ൬ݔ, ቔೖమ ቕାଵ൰]௫∈௏భ,௬∈௏మᇲݑ > 0. 

So, ܹ(ܩ) < (′ܩ)ܹ . Similarly, by Lemmas 1 and 2, we can get (ܩ)݂ܭ < (′G)݂ܭ , a 
contradiction to ܩ with the maximum Wiener index or the maximum Kirchhoff index.      � 

 
Figure 3: The graph G and G0 in Lemma 5. 

 
Theorem 6. Let ∈ ≤ ݇ , ௡,௞ܩ  3 and ݊ ≥  3. Then 

(ܩ)ܹ                ≤ ൫௡ଷ൯(݇ − 1)ଶ ቔ௞
ଶ
 ቕ + ൬ଵ

ଶ
݊݇ + (݇ − 1)(݊ଶ − ݊)൰ ቔ௞

మ

ସ
 ቕ, 

(ܩ)݂ܭ                ≤ ൫௡ଷ൯
(௞ିଵ)మ

௞
ቔ௞
ଶ

 ቕ ቒ௞
ଶ
ቓ + ଵ

ଵଶ
൫݊݇ + 2(݇ − 1)(݊ଶ − ݊)൯(݇ଶ − 1), 

with equality if and only if ܩ = ௡,௞ܮ  is a linear chain with ݊ ݇-polygons. 
 
Proof. Let ܩ ∈ ௡,௞ܩ  with the maximum Wiener index or the maximum Kirchhoff index. By 
Lemmas 3, 4 and 5, we know that G is the linear chain ܮ௡,௞. So, we only need to compute 
(ܩ)௨ܦ Let .(௡,௞ܮ)݂ܭ and  (௡,௞ܮ)ܹ  = ∑ (ீ)௨∈௏(ݑ,ݔ)ீ݀ , If ܥ is a k-polygon and ݑ ∈  ,(ܥ)ܸ

then ܽ = (ܩ)௨ܦ = ቔ௞
మ

ସ
 ቕ and ܹ(ܥ) = ଵ

ଶ
݇ܽ. 

Let ܮ௡,௞ = ଵܥ ∪ ଶܥ ··· ∪  ௜ is the commonݑ ,௡ܥ,···,ଶܥ,ଵܥ ௡ consist of ݊ ݇-polygonsܥ

cut-vertex of ܥ௜ and ܥ௜ାଵ, the distance ܾ = (௜ାଵݑ, ௜ݑ)݀ = ቔ௞
ଶ

 ቕ, 1 ≤ ݅ < ݊. 

     ܹ൫ܮ௡ାଵ,௞൯ = ܹ൫ܮ௡,௞൯ + (௡ାଵܥ)ܹ  + (݇ − ௡,௞൯ܮ௨೙൫ܦ(1 + (݇ −  (௡ାଵܥ)௨೙ܦ݊(1

= ܹ൫ܮ௡,௞൯ +
1
2 ݇ܽ + (݇ − ௡,௞൯ܮ௨೙൫ܦ(1 + (݇ − 1)݊ܽ 

= ܹ൫ܮ௡,௞൯ + (݇ − ௡,௞൯ܮ௨೙൫ܦ(1 + ൤
1
2 ݇ + (݇ − 1)݊൨ܽ. 

Now,  ܦ௨భ൫ܮଵ,௞൯ = ܽ, ଶ,௞൯ܮ௨మ൫ܦ   = ܽ + ܽ + (݇ − 1)ܾ = 2ܽ + (݇ − 1)ܾ, ଷ,௞൯ܮ௨య൫ܦ  =
2ܽ + (݇ − 1)ܾ + ܽ + 2(݇ − 1)ܾ = 3ܽ + 3(݇ − 1)ܾ,  and we have by induction that 
௡,௞൯ܮ௨೙൫ܦ = ݊ܽ + ൫௡ଶ൯(݇ −  1)ܾ. So, 
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           ܹ൫ܮ௡ାଵ,௞൯ = ܹ൫ܮ௡,௞൯ + ൫௡ଶ൯(݇ − 1)ଶ࢈ + ቂଵ
ଶ
݇ + 2(݇ − 1)݊ቃܽ                              

                              = ܹ൫ܮ௡ିଵ,௞൯ + ൣ൫௡ିଵଶ ൯ + ൫௡ଶ൯൧(݇ − 1)ଶܾ    

                              + ቂଵ
ଶ
݇ + 2(݇ − 1)(݊ − 1) + ଵ

ଶ
݇ + 2(݇ − 1)݊ቃ 

                              = ܹ൫ܮଵ,௞൯ +෍ ൫௜ଶ൯(݇ − 1)ଶܾ
௡

௜ୀଵ
 +෍ [ଵ

ଶ
݇ + 2(݇ − 1)݅]ܽ

௡

௜ୀଵ
  

                              = ଵ
ଶ
݇ܽ + ൫௡ାଵଷ ൯(݇ − 1)ଶܾ + ෍ [ଵ

ଶ
݇ + 2(݇ − 1)݅]ܽ

௡

௜ୀଵ
 

                              = ൫௡ାଵଷ ൯(݇ − 1)ଶ ቔ௞
ଶ
 ቕ + ൬ଵ

ଶ
݇(݊ + 1) + (݇ − 1)݊(݊ + 1)൰ ቔ௞

మ

ସ
 ቕ  

Similarly, let ܭ ௨݂(ܩ) = ∑ ݎீ ,ݔ) (ீ)௫∈௏(ݑ .  If ܥ  is a ݇ -polygon and ݑ ∈ (ܥ) ܸ , then 

ܽᇱ  = ܭ  ௨݂(ܥ)  =  ௞
మିଵ
଺

 and (ܥ)݂ܭ = ଵ
ଶ
݇ܽᇱ = ௞యି௞

ଵଶ
. Let ܾᇱ = (௜ାଵݑ, ࢏ݑ)శ૚࢏஼ݎ =

ଵ
௞
ቔ௞
ଶ

 ቕ ቒ௞
ଶ
ቓ,1 ≤ ݅ < ݊. Then, ݂ܭ൫ܮ௡ାଵ,௞ ൯  = ݂ܭ൫ܮ௡,௞൯ + ݂ܭ(ܥ௡ାଵ) + (݇ −  + ௡,௞൯ܮ௨೙൫ ݂ܭ (1

(݇ − ௨೙ ݂ܭ ݊ (1 (௡ାଵܥ)   = ௡,௞൯ܮ൫݂ܭ  +  (݇ − ௡,௞൯ܮ௨೙൫ ݂ܭ(1  +  ቂଵ
ଶ
݇ + 2(݇ − 1)݊ቃ ܽᇱ, 

௡,௞൯ܮ௨೙൫ ݂ܭ = ݊ܽᇱ + ൫௡ଶ൯(݇ − 1)ܾ′  and (ܩ)݂ܭ  =  ൫௡ାଵଷ ൯(݇ − 1)ଶܾᇱ + ൬ଵ
ଶ
݇(݊ + 1) +

(݇ − 1)݊(݊ + 1)൰ ܽ = ൫௡ାଵଷ ൯ (௞ିଵ)మ

௞
ቔ௞
ଶ
 ቕ ቒ௞

ଶ
ቓ + ଵ

ଵଶ
൫݇(݊ + 1) + 2(݇ − 1)݊(݊ + 1)൯(݇ଶ − 1),  

Hence the result.                                                                                                                     � 
 

Theorem 6 gives the maximum values of Wiener index and Kirchhoff index for all 
݇-polygonal cacti with ݊ cycles and characterizes the extremal graphs. For ݇ = 6, we can 
get the maximum values of Wiener index and Kirchhoff index for all spiro hexagonal 
chains with ݊ hexagons. 

 
Corollary 7. [3, 4, 9] Among all spiro hexagonal chains with n hexagons, we have  

(i) the unique spiro hexagonal chain with the maximum Wiener index is the spiro para-
chain ௡ܲ, and ܹ( ௡ܲ) = ଶହ

ଶ
݊ଷ + ଵହ

ଶ
݊ଶ + 7݊; 

 (ii) the unique spiro hexagonal chain with the maximum Kirchhoff index is the spiro 
para-chain ௡ܲ , and ݂ܭ( ௡ܲ) = ଶହ

ଶ
݊ଷ + ଵଶହ

ଵଶ
݊ଶ + ହ

଺
݊. 

 
3. THE EXTREMAL GRAPH WITH THE MINIMUM INDEX  

In this section, we determine the minimum values of Wiener index and Kirchhoff index for 
all ݇ -polygonal cacti with ݊  cycles and characterizes the extremal graphs and the 
corresponding extremal graphs. 
 



Extremal Polygonal Cacti for Wiener Index and Kirchhoff Index                                          209 

 

Theorem 8.  Let ܩ ∈ ௡,௞ܩ , ݇ ≥ 3 and ݊ ≥ 3. Then  

(ܩ)ܹ                                  ≥ ଵ
ଶ
݊൫݇ + 2(݊ − 1)(݇ − 1)൯ ቔ௞

మ

ସ
 ቕ, 

(ܩ)݂ܭ                                 ≥ ଵ
ଵଶ
݊൫݇ + 2(݊ − 1)(݇ − 1)൯(݇ଶ − 1), 

with equality if and only if ܩ = ௡ܹ,௞ is a star-like cactus with ݊ ݇-polygons. 
 
Proof. Let ܩ ∈ ௡,௞ܩ  be a cactus with the minimum Wiener index or the minimum 
Kirchhoff index. We first show that ܩ is a star-like cactus, i.e., each polygon in ܩ has only 
one cut-vertex. If there is a k-polygon ܥ଴ in G such that ܥ଴ has at least two cut-vertices, 
then we only need to show that there is ܥ଴ ∈ ௡,௞ܩ  such that W(G଴) < (଴ܩ)݂ܭ and (ܩ)ܹ <
(ܩ)݂ܭ . Let ݒଵ, ,ଶݒ ௧ݒ, …  be all cut-vertices in ܥ଴ ≤ ݐ ,  2 , and ܩ௜  the components of 
ܩ − , containing v୧ (଴ܥ)ܧ i = 1,2, … ,  ௜ to the cut-vertexܩ is obtained by attaching ܩ ,i.e  ,ݐ
݅)௜ܩ ଴ to be the cactus obtained by attaching allܩ ଴. Now, we takeܩ ௜ ofݒ = 1,2, … ,  to the (ݐ
same vertex ݒଵ  of ܥ଴  , see Figure 4, then  ܹ(ܩ) = ∑ ௧(௜ܩ)ܹ

௜ୀଵ + (଴ܥ)ܹ + 
∑ ∑ ௫∈௏೔,௬∈௏ೕଵஸ௜ழ௝ஸ௧(ݕ,ݔ)ீ݀ + ∑ ∑ ,ݔ)ீ݀ ௫∈௏೔,௬∈௏బ(ݕ

௧
௜ୀଵ , where ଴ܸ = (଴ܥ)ܸ − ,ଵݒ} {௧ݒ, … , 

௜ܸ   = (௜ܩ)ܸ     − {௜ݒ}   , 1 ≤  ݅ ≤ ݐ  , and ܹ(ܩ′)  =   ∑ ௧(௜ܩ)ܹ
௜ୀଵ  + (଴ܥ)ܹ   + 

∑ ∑ ݀ீᇲ(ݔ, ௫∈௏೔,௬∈௏ೕଵஸ௜ழ௝ஸ௧(ݕ + ∑ ∑ ݀ீᇲ(ݔ, ௫∈௏೔,௬∈௏బ.(ݕ
௧
௜ୀଵ Note that ∑ ∑ ݀ீᇲ(ݔ, ௫∈௏೔,௬∈௏బ(ݕ

௧
௜ୀଵ  

= ∑ ∑ ௫∈௏೔,௬∈௏బ(ݕ,ݔ)ீ݀
௧
௜ୀଵ   and 

∑ ∑ ݀ீᇲ(ݕ,ݔ)௫∈௏೔,௬∈௏ೕଵஸ௜ழ௝ஸ௧  < ∑ ∑ ௫∈௏೔,௬∈௏ೕଵஸ௜ழ௝ஸ௧(ݕ,ݔ)ீ݀ . 
So, we have W(G′) < Similarly, by Lemmas 1 and 2, we can get Kf(Gᇱ) .(ܩ)ܹ <  .(ܩ)݂ܭ

Next, we compute ܹ( ௡ܹ,௞) and ݂ܭ( ௡ܹ ,௞). Let ௡ܹ ,௞ = ଵܥ ∪ ଶܥ ··· ∪  ௡ consist of nܥ
k-polygons ܥଵ,ܥଶ,···,ܥ௡, ݒ଴ is the common cut-vertex of all ܥଵ(1 ≤ ݅ ≤  Then .(ݐ
         ܹ( ௡ܹାଵ,௞) = ܹ( ௡ܹ,௞) + (௡ାଵܥ)ܹ + (݇ − )௩బܦ(1 ௡ܹ,௞) + (݇ −  (௡ାଵܥ)௩బܦ݊(1

                             = ܹ൫ ௡ܹ,௞൯ + ଵ
ଶ
݇ܽ + (݇ − )௩బܦ(1 ௡ܹ ,௞) + (݇ − 1)݊ܽ 

                             = ܹ൫ ௡ܹ,௞൯ + ଵ
ଶ
݇ܽ + (݇ − 1)݊ܽ + (݇ − 1)݊ܽ             

                             = ܹ൫ ଵܹ,௞൯ + ∑ [ଵ
ଶ
݇ + 2(݇ − 1)݅]ܽ௡

௜ୀଵ                             

                             = ଵ
ଶ
݇ܽ + ∑ [ଵ

ଶ
݇ + 2(݇ − 1)݅]ܽ                                   ௡

௜ୀଵ  

                             = ଵ
ଶ

(݊ + 1)(݇ + 2݊݇ − 2݊) ቔ௞
మ

ସ
 ቕ,                         

and  
)݂ܭ        ௡ܹାଵ,௞) = )݂ܭ ௡ܹ ,௞) + (௡ାଵܥ)݂ܭ + (݇ − ܭ(1 ௩݂బ( ௡ܹ,௞) + (݇ − ܭ݊(1 ௩݂బ(ܥ௡ାଵ) 

                            = ൫݂ܭ ௡ܹ,௞൯ + ଵ
ଶ
݇ܽᇱ + (݇ − 1)݊ܽ′+ (݇ − 1)݊ܽ′ 

                            = ൫݂ܭ ଵܹ,௞൯ + ∑ ቂଵ
ଶ
݇ + 2(݇ − 1)݅ቃ ܽᇱ                ௡

௜ୀଵ  

                            = ଵ
ଶ
݇ܽᇱ + ∑ [ଵ

ଶ
݇ + 2(݇ − 1)݅]ܽ′௡

௜ୀଵ                         
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                            = ଵ
ଵଶ

(݊ + 1)(݇ + 2݊݇ − 2݊)(݇ଶ − 1).            

� 
 

Theorem 8 gives the minimum values of Wiener index and Kirchhoff index for all 
k-polygonal cacti with n cycles and characterizes the extremal graphs. 

 

 
 

Figure 4: The graphs G and G’ in Theorem 8. 
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