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In this paper, a new two-step hybrid method of twelfth algebraic 

order is constructed and analyzed for the numerical solution of 

initial value problems of second-order ordinary differential 

equations. The proposed methods are symmetric and belong to the 

family of multiderivative methods. Each methods of the new family 

appear to be hybrid, but after implementing the hybrid terms, it will 

continue as a multiderivative method. Therefore, the name semi-

hybrid is used. The consistency, convergence, stability and 

periodicity of the methods are investigated and analyzed. The 

numerical results for some quantum chemistry problems such as. 

undamped Duffing’s equation and orbit problems of Stiefel and 

Bettis indicated that the new method is superior, efficient, accurate 

and stable.  
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1. INTRODUCTION  

Let us consider the initial value problems of second-order ordinary differential equations: 

     (   )  (  )       (  )    
   (1.1) 

where we presume that  (   ) is sufficiently differentiable and that the first derivative 

does not appear explicitly in  (   ). Second-order linear differential equations are used to 

model many situations in physics and engineering. Here, we look at how this works for 

systems of an object with mass attached to a vertical spring and an electric circuit 

containing a resistor, an inductor, and a capacitor connected in series. Models such as these 
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can be used to approximate other more complicated situations; e.g., bonds between atoms 

or molecules are often modeled as springs that vibrate. Generally, the solution to (1.1) is 

periodic, so it is expected that the results produced by suitable numerical methods be of the 

same periodicity of the analytic solution. Numerical methods of second-order initial value 

problems are divided into two classes: 

 The methods with constant coefficients. 

 The methods with coefficients depending on the frequency of the problem. 

The analytical methods for solving differential equations are only applicable to a 

limited set of equations. The differential equations that appear in physics problems are 

almost never among these well-known categories of equations and one needs to use 

numerical methods to solve these problems. The rapid advancements in computational 

resources such as memory and processing speed of modern computers have also increased 

the importance of numerical methods. In the following, we mention some references. The 

methods based on vanishing of phase-lag and some of its derivatives [24], 

trigonometrically or exponentially fitted methods [4,20,23], Runge-Kutta methods [8,10], 

multistep methods [3,5,22], multiderivative methods [14,15], numerical methods for the 

fractional initial value problems [1,7,19] and hybrid methods [12,13,16] are some of the 

approaches that can be used for solving a second-order differential equation. The Stormer-

Cowell multistep procedure with more than two steps suffered from orbital instability 

issues. However, these methods required prior knowledge of frequency values. Higher-

order or multiderivative methods would avoid using small steps in approximating the 

analytical methods. Several researchers have introduced new methods via adaptation of 

higher-order methods, among them are the Obrechkoff methods [18]. Lambert and Watson 

[11] have introduced the interval of periodicity and P-stability concepts in 1976, which can 

be used in the stability analysis of such methods. The hybrid methods can be viewed as a 

predictor-corrector multistep procedure with an additional predictor at an off-step point. 

Consider multiderivative method of the form                        

 ∑         
 
    ∑     

   ∑          
(  ) 

     (1.2) 

for the numerical integration of the problem (1.1). The method (1.2) is symmetric when 

                             , and it is of order q if the truncation error 

associated with the linear difference operator is given as 

        
    (   )                

where      is a constant dependent on h. In order to investigate the stability properties of 

the methods for solving the initial value problem (1.1) Lambert and Watson [11] introduced 

the scalar test equation 

           . (1.3) 
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When a symmetric two-step method is applied to the scalar test equation (1.3), we obtain a 

difference equation of the form 

 ( )       ( )    ( )        (1.4) 

or equivalently 

 ( )       ( )           (1.5) 

where     ,   is the step length and  ( ) is a function of   independent of         and 

    . So, the characteristic equation of the method is defined by 

     ( )       (1.6) 

Definition 1.1. The interval (    
 ) is said to be the periodicity interval of method (1.5), if 

for all    (    
 ), the roots of (1.6) satisfy      ̅     ( ), where  ( ) is a real 

function of v. 

Definition 1.2. The method (1.5) is called P-stable if its periodicity interval is (    ). 

Definition 1.3. For any method corresponding to the characteristic equation (1.6), the 

quantity  ( )           , ( )- is called the phase-lag of the method. 

Anantha Krishnaiah [6], gives an equivalent definition of the phase-lag error as 

follow: 

Definition 1.4. The phase-lag of a numerical method is the leading term in the expression 

of 

  ( )  |
   ( )  ( )

  |  (1.7) 

Now, if P(v) =  (    ) as    , the order of phase-lag is t. 

 

Definition 1.5. A method is said to be phase-fitted, if it has phase-lag of order infinity. 

This article is organized as follows. The presentation and production of the new method is 

presented in Section 2. In Section 3, the numerical experiments are reported. Finally, we 

provide some concluding remarks. 

 

2. DEVELOPMENT AND ANALYSIS 

2.1. DEVELOPMENT 

 

For the numerical integration of (1.1), we consider the new two-step method as follow 

 

                ,       (         )-  
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where 
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where   is the step length of the method,      (   )  ( )   (   )  ( )   (   ), and 

      ( )  and          are six arbitrary parameters. For this method, we assume 

four of the free parameters are calculated through Taylor’s series and the rest of the free 

parameters by the manufacturer system through vanishing of phase-lag and its first 

derivative. So, the coefficients          and    will be as 

    
   

   
               

                
  

   
  

     
   

 
         

   

    
   

     
   

 
        

  

     
   

Now, we apply the above method to the scalar test equation (1.3) and we get the 

following difference equation: 

 ( )       ( )    ( )        (2.2) 

where  ( ) is a function of v independent of     ,    and     . Then the characteristic 

equation associated with (2.2) can be written as: 

     ( )       (2.3) 

So, according to (1.7), the phase-lag of the method (2.1) is as follows: 

     (        ( )              ( )               ( )      

             ( )           ( )                            

             ( )                 ( )                  ( )    

                                                  ( )       )  

    ((        
          

                         

                                           )  ). 

We demand that the phase-lag and its first derivative to be equal to zero. Based on 

the above we obtain the coefficients of the first method. To save space, the coefficients of 

the method are given in the Appendix. The following Taylor series expansions should be 
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used in the cases that the coefficients are subject to heavy cancelations for some values of 

| |: 
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‎where       The local truncation error of the new proposed method is given by: 

                             
         

               
,   (  )      (  )   (  )-. The behavior of 

the coefficients are shown in Figures 2.1 − 2.3. 

 

 
 

Figure 2.1: Behavior of the coefficients    and    of the new method. 
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Figure 2.2: Behavior of the coefficients    and    of the new method. 

 

 

Figure 2.3: Behavior of the coefficients    and    of the new method. 

 

2.2. PERIODICITY ANALYSIS 

In order to investigate and calculate the interval of periodicity and the stability region of the 

new method (2.1), we use the following scalar test equation: 

   ( )     ( )   (2.4) 

Note that the frequency used in the scalar test equation for the stability analysis ( ) is not 

equal to the frequency of the scalar test equation used for the phase-lag analysis (1.3), ( ), 
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i.e.    . For this purpose, applying the new method to the scalar test equation (2.4), 

leads to the following difference equation 

  (   )(         )    (   )    , (2.5) 

where 

   (   )  
 

    

   

 
  

   (   )  
 

     

   

 
   

where        and        and 

 

     ((                   )    (                        )    

  (                           )   (                      

          )   (                              )   

            (    )             )    ( )  ((                )    

  (                            )   (                     

          )   (                             )   (           

            )             )    ( )  (      ((   

           )      ( )  (         )   (         )  ))(   )(   ) 

 

    (  ((            (      )  )   ((        )   
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  (          )               (          )  )(   ) (   )     ( )  
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             )             ((    )          ))    ( ) 

       (   )(   )(   (        )   (          )   

             )    ( )  (                                        

          )   (                                           )   

           ((    )          )  

and  

        ((   (     )                  )    ( )  

  ((     )                   )    ( )  (     )    ( )      ). 
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In Figure 2.4, we present the      plane for the method developed in this paper. A 

shadowed area denotes the       region where the method is stable, while a white area 

denotes the region where the method is unstable. A linear multistep method is said to be P-

stable if the first quadrant of the     plane is completely shadowed. 

 

Definition 2.1. A method is called singularly P-stable if its interval of periodicity is equal 

to (    ) only when the frequency used in the scalar test equation for the stability 

analysis   is equal to the frequency used for the scalar test equation for the phase lag 

analysis  , i.e.,    . 

 

Based on the Definition 2.1, we can say that a method is said to be singularly P-

stable if the first diagonal of the       plane is completely shadowed. Based on this study 

and Figure 2.4, we conclude that the new two-step method is singularly P-stable, i.e. P-

stable when      . Of course, in the following theorem, we prove algebraically that 

the new method is singularly P-stable. 

 

 
 

Figure 2.4: The periodicity region of the new method. 

 

Theorem 2.1 The new two-step hybrid method (2.1) is singularly P-stable. 

Proof. If we take       in (2.5), the characteristic equation of the new method can be 

written as  har     
  

  
(       ( )    )  where 

   ((   (          )               (        )  )    ( ) 

              (          )  )   

and 
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   (                                              )    ( )  

  (                                       )    ( ) 

            ( )            

So, the interval of periodicity is (    ), and then the new method is singularly P-stable. 

 

3.  NUMERICAL RESULTS 

In this section, we are going to calculate some numerical results obtained by the new hybrid 

method (2.1), and compare them with those from other multistep methods.  The methods 

used in the comparison have been denoted by:  

 The multiderivative method of Shokri [21], which is indicated as Method A. 

 The multiderivative method of Simos [25], which is indicated as Method B.  

 The multiderivative method of Van Daele [27], which is indicated as Method C. 

 The multiderivative method of Achar [2], which is indicated as Method D. 

 The multiderivative method of Wang [28], which is indicated as Method E. 

 The first method developed in this paper, which indicated as New 

 

Example 3.1. Let us consider the nonlinear undamped Duffing’s equation 

              (  )   ( )                   ( )     (3.1) 

where                and   [  
     

    
], We use the following exact solution for 

(3.1) from [17],  ( )  ∑          ((    )  ) 
   , where  

*           +  *                                 

                         +  

In order to integrate this equation by an Obrechkoff method, one needs the values of   , 

which occur in calculating  ( ). These higher order derivatives can all be expressed in 

terms of  ( ) and   ( ) through (3.1), i.e. 

  ( )( )   (     ( ))  ( )       (  )  

  ( )( )   (     ( ))   ( )    ( )  ( )        (  )  

The absolute errors at   
     

    
, are given in Table 3.1, where   

     

    
 and the CPU 

times are listed in Table 3.2. 
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Table 3.1: Comparison of the end-point absolute error in the approximations obtained for 

Example 3.1. 
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Table 3.2: CPU time for the example 3.1. 

 

Example 3.2. Consider the initial value problem 

                ( )  ( )      ( )      

with the exact solution  ( )     ( )     (   )      (   ). This equation has been 

solved numerically for         using exact starting values. In the numerical 

experiment, we take the step lengths      ⁄      ⁄      ⁄      ⁄      ⁄  and 

    ⁄ . The absolute errors at the end point are given in Table 3.3, and the CPU times are 

listed in Table 3.4. 
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Table 3.3: Comparison of the end-point absolute error in the approximations obtained for 

Example 3.2. 

 

Example 3.3. Consider the initial value problem 

                                
   

    
  ( )      ( )       ,     -  
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Table 3.4: CPU time for the example 3.2. 

 

with the exact solution   
 

    
  The absolute errors at         are given in the Table 3.5, 

and the CPU times are listed in Table 3.6. 
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Table 3.5: Comparison of the end-point absolute error in the approximations obtained for  

                 Example 3.3. 
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Table 3.6: CPU time for Example 3.3. 

 

Example 3.4. Consider the almost periodic orbital problem studied by Franco and Palacios 

[9], can be described by 

           ( )      ( )         

or equivalently by 

          (  )  ( )      ( )     

          (  )  ( )      ( )     

where         and       . The theoretical solution of the this problem is given by 

 ( )   ( )    ( )        (3.2) 

where 

                           ( )  
      

    
   ( )  

 

    
   (  )  
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       (  )  
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This system of equations has been solved for   ,       -. For this problem we use   

   . The absolute errors at the end point are given in Table 3.7, and the CPU times 

are listed in Table 3.8, where   
     

    
. 
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Table 3.7: Comparison of the end-point absolute error in the approximations obtained for 

Example 3.4. 
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Table 3.8: CPU time for Example 3.4. 

 

Example 3.5. The almost periodic orbital problem studied by Stiefel and Bettis [26], can be 

described by 

                ( )      ( )               

or equivalently by 

               (  )  ( )      ( )     

               (  )  ( )      ( )     
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The theoretical solution of this problem is given by  ( )     ( )    ( ), where 

      and 

 ( )      ( )           ( )  

 ( )      ( )           ( )  

This system has been solved for   ,       - and for this problem we use    . 
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Table 3.9: Comparison of the end-point absolute error in the approximations obtained for  

                 Example 3.5. 
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Table 3.10: CPU time for Example 3.5. 

 

4. CONCLUSIONS 

In this paper, we have presented the new two-step symmetric hybrid method of order 12. 

The details of the procedure adapted for the applications have been given in section two. 

With vanishing of phase-lag and its derivative, we have improved the local truncation error, 

phase-lag error, interval of periodicity and CPU time for the classes of two-step 
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multiderivative methods. The numerical results obtained by the new method for some 

chemical problems show its superiority in efficiency, accuracy and stability. 

ACKNOWLEDGMENTS. The authors thank the anonymous referees for their careful reading 

of the manuscript and their fruitful comments and suggestions. 

 

REFERENCES 

1. S. Abbas, M. Benchohra, N. Hamidi and J. J. Nieto, Hilfer and Hadamard fractional 

differential equations in Fréchet spaces, TWMS J. Pure Appl. Math. 10 (1) (2019) 

102116. 

2. S. D. Achar, Symmetric multistep Obrechkoff methods with zero phase-lag for 

periodic initial value problems of second order differential equations, Appl. Math. 

Comput. 218 (2011) 22372248. 

3. S. A. Aisagaliev and I. V. Sevryugin, Controllability of process described by linear 

system of ordinary differential equations, TWMS J. Pure Appl. Math. 8 (2) (2017) 

170185. 

4. F. A. Aliev, N. A. Aliev and N. A. Safarova, Transformation of the Mittag-Leffler 

function to an exponential function and some of its applications to problems with a 

fractional derivative, Appl. Comput. Math. 18 (3) (2019) 316325. 

5. A. C. Allison, The numerical solution of coupled differential equations arising from 

the Schrödinger equation, J. Comput. Phys. 6 (1970) 378391. 

6. U. Anantha Krishnaiah, P-stable Obrechkoff methods with minimal phase-lag for 

periodic initial value problems, Math. Comput. 49 (180) (1987) 553559. 

7. A. Ashyralyev, A. S. Erdogan and S. N. Tekalan, An investigation on finite 

difference method for the first order partial differential equation with the nonlocal 

boundary condition, Appl. Comput. Math. 18 (3) (2019) 247260. 

8. J. R. Dormand and P. J. Prince, A family of embedded Runge-Kutta formulae, J. 

Comput. Appl. Math. 6 (1) (1980) 19-26. 

9. J. M. Franco and M. Palacios, High-order P-stable multistep methods, J. Comput. 

Appl. Math. 30 (1) (1990) 110. 

10. W. Gautschi, Numerical integration of ordinary differential equations based on 

trigonometric polynomials, Numer. Math. 3 (1961) 381397. 

11. J. D. Lambert and I. A. Watson, Symmetric multistep methods for periodic initial 

value problems, J. Inst. Math. Appl. 18 (2) (1976) 189202. 

12. Ch. Lin, Chieh-Wen Hsu, T. E. Simos and Ch. Tsitouras, Explicit, semi-symmetric, 

hybrid, six-step, eighth order methods for solving      (   ), Appl. Comput. 

Math. 18 (3) (2019) 296304. 



128                                                     SHOKRI, MEHDIZADEH KHALSARAEI AND ATASHYAR 

 

13. N. Mahmudov and M. M. Mohammed, Existence of mild solution for hybrid 

differential equations with arbitrary fractional order, TWMS J. Pure Appl. Math. 8 

(2) (2017) 160169. 

14.  M. Mehdizadeh Khalsaraei and A. Shokri, A new explicit singularly P-stable four-

step method for the numerical solution of second order IVPs, Iranian J. Math. 

Chem. 11 (1) (2020) 1731. 

15. M. Mehdizadeh Khalsaraei and A. Shokri, The new classes of high order implicit 

six-step P-stable multiderivative methods for the numerical solution of Schrödinger 

equation, Appl. Comput. Math. 19 (1) (2020) 5986. 

16. M. Mehdizadeh Khalsaraei, A. Shokri and M. Molayi, The new high approximation 

of stiff systems of first order IVPs arising from chemical reactions by k-step L-

stable hybrid methods, Iranian J. Math. Chem. 10 (2) (2019) 181193. 

17. B. Neta, P-stable symmetric super-implicit methods for periodic initial value 

problems. J. Comput. Math. Appl. 50 (2005) 701705. 

18. N. Obrechkoff, On mechanical quadrature (Bulgarian, French Summary), Spisanie 

Bulgar. Akad. Nauk. 65 (1942) 191289. 

19. Z. Odibat, Fractional power series solutions of fractional differential equations by 

using generalized Taylor series, Appl. Comput. Math. 19 (1) (2020) 4758. 

20. A. Shokri, An explicit trigonometrically fitted ten-step method with phase-lag of 

order infinity for the numerical solution of the radial Schrödinger equation, Appl. 

Comput. Math. 14 (1) (2015) 6374. 

21.  A. Shokri and H. Saadat, High phase-lag order trigonometrically fitted two-step 

Obrechkoff methods for the numerical solution of periodic initial value problems, 

Numer. Algor. 68 (2) (2015) 337354. 

22. A. Shokri and A. A. Shokri, Implicit one-step L-stable generalized hybrid methods 

for the numerical solution of first order initial value problems, Iranian J. Math. 

Chem. 4 (2) (2013) 201212. 

23. A. Shokri, A. A. Shokri, Sh. Mostafavi and H. Saadat, Trigonometrically fitted two-

step Obrechkoff methods for the numerical solution of periodic initial value 

problems, Iranian J. Math. Chem. 6 (2) (2015) 145161. 

24. A. Shokri and M. Tahmourasi, A new two-step Obrechkoff method with vanished 

phase-lag and some of its derivatives for the numerical solution of radial 

Schrödinger equation and related IVPs with oscillating solutions, Iranian J. Math. 

Chem. 8 (2) (2017) 137159. 

25. T. E. Simos, A P-stable complete in phase Obrechkoff trigonometric fitted method 

for periodic initial value problems, Proc. R. Soc. 441 (1993) 283289. 

26. E. Stiefel and D. G. Bettis, Stabilization of Cowell's methods, Numer. Math. 13 

(1969) 154175. 



A New Two-Step Hybrid Singularly P-stable Method                                                        129 

 

27. M. Van Daele and G. Vanden Berghe, P-stable exponentially fitted Obrechkoff 

methods of arbitrary order for second order differential equations, Numer. Algor. 46 

(2007) 333350. 

28. Z. Wang, D. Zhao, Y. Dai and D. Wu, An improved trigonometrically fitted P-

stable Obrechkoff method for periodic initial value problems, Proc. R. Soc. 461 

(2005) 16391658. 

 

APPENDIX: The Coefficients of the new Method 

 

   
   

   
 

 

    
((   (   

  

 
      )(    

   

  
   

     

  
   

     

  
   

      

  
   

 
 

       

  
)    ( )                                                          

                                         )(    ( ))  

 
     (   

    

   
)((   

  

 
      )    ( )      

   

 
  )      ( ) 

  (                                           

                                           

              )    ( )                                 

                                                                   )    

 
(((   

   

 
                  )(   

  

 
      )    ( )  

      

 
            

 
          

     

 
                )(    ( ))  

   

 
  ((   

  

 
      )    ( ) 

 
     

   

 
  )    ( )  (                       

      

 
   

 
              

      

 
  )    ( )                           

 
        

      

 
   

     

 
  )   

 

  
((                     

                    )(    ( ))         ( )   (               

                             )    ( )              

 
                             )((   

   

 
         

 
          )(    ( ))  

   

 
    ( )   (                 

 
 

   

 
  )    ( )                      

   

 
  )       

 

    
  

   
 

 

    
((    (   

  

 
      )(    

   

  
   

     

  
   

   
     

  
   

      

  
   

       

  
)    ( )                     

                                                     

                             )(    ( ))  

        (   
    

   
)((   

  

 
      )    ( ) 

       
   

 
  )      ( )  (                              



130                                                     SHOKRI, MEHDIZADEH KHALSARAEI AND ATASHYAR 

 

                                                        

               )    ( )                                 

                                                        

               )   (((   
   

 
                  )(   

   
  

 
      )    ( )  

      

 
                     

   
     

 
                )(    ( ))  

   

 
  ((   

  

 
   

      )    ( )      
   

 
  )    ( )  (                 

         
      

 
                

      

 
  )    ( ) 

                                   
      

 
   

   
     

 
  )   

 

  
((                      

                    )(    ( ))         ( )   

   (                                          )    ( ) 

                                          )((   

   
   

 
                  )(    ( ))  

   

 
    ( )   

   (                 
   

 
  )    ( )           

              
   

 
  )       

 

    
 

     
((    (   

  

 
      )(    

   

  
   

     

  
   

   
     

  
   

      

  
   

       

  
)    ( )            

                                        

                                               

                )(    ( ))       (   
    

   
)((   

  

 
   

      )    ( )      
   

 
  )      ( )  (         

                                         

                                                

                )    ( )                       

                                           

                                  

                )   (((   
   

 
         

            )(   
  

 
      )    ( )  

      

 
   

                     
     

 
          

         )(    ( ))  
   

 
  ((   

  

 
      )    ( ) 

       
   

 
  )    ( )  (                       

   
      

 
                

      

 
  )    ( )         

                            
      

 
   

     

 
  )   

   
 

   
((                                 

           )(    ( ))          ( )   (       



A New Two-Step Hybrid Singularly P-stable Method                                                        131 

 

                                         )    ( ) 

                                      

           )((   
   

 
                  )(    ( ))  

   
   

 
    ( )   (                 

   

 
  )    ( ) 

                       
   

 
  )      

   

    
  

 

     
 

    
(((                          

                                                 

             )    ( )                              

                                                    

              )(    ( ))     (   
    

   
)((   

  

 
   

      )    ( )      
   

 
  )      ( )  (                  

                                                   

                            )    ( )                   

                                                  

                            )   (((   
   

 
         

            )(   
  

 
      )    ( )  

      

 
            

            
     

 
                )(    ( ))  

   
   

 
  ((   

  

 
      )    ( )      

   

 
  )    ( ) 

   (                       
      

 
            

       
      

 
  )    ( )                           

          
      

 
   

     

 
  )   

 

   
((            

                             )(    ( ))         ( )   

   (                                 

           )    ( )                        

                     )((   
   

 
               

      )(    ( ))  
   

 
    ( )   (           

         
   

 
  )    ( )                      

   
   

 
  )      

  

     
  

 

    
 

      
(((                                     

                                       

             )    ( )                              

                                                    

              )(    ( ))     (   
    

   
)((   

  

 
   

      )    ( )      
   

 
  )      ( )  (                 

                                                   

                            )    ( )                   



132                                                     SHOKRI, MEHDIZADEH KHALSARAEI AND ATASHYAR 

 

                                                  

                            )   (((   
   

 
         

            )(   
  

 
      )    ( )  

      

 
   

                     
     

 
          

         )(    ( ))  
   

 
  ((   

  

 
      )    ( ) 

       
   

 
  )    ( )  (                       

   
      

 
                

      

 
  )    ( ) 

                                   
      

 
   

     

 
  )    

    

     
 

     
((                                

           )(    ( ))         ( )   (       

                                      )    ( ) 

                                   

           )((   
   

 
               

      )(    ( ))  
   

 
    ( )   (           

         
   

 
  )    ( )                      

   

 
  )       

 


