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ABSTRACT Let G be a finite connected simple graph. The degree distance index DD(G)
of G is defined as Z{u V}CV(G)dG(u,v)(degG(u)+degG(v)), where degg(u)is the

degree of vertex u in G and dg(u,v) is the distance between two vertices u and v in G.

In this paper, we determine the degree distance of the complement of arbitrary Mycielskian
graphs. It is well known that almost all graphs have diameter two. We determine this graphical
invariant for the Mycielskian of graphs with diameter two.
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1. INTRODUCTION

Throughout this paper we consider (non trivial) simple graphs, that are finite and undirected
graphs without loops or multiple edges. Let G=(V (G),E(G)) be a connected graph of
order n = |V(G)| and of size m = |E(G)|. The distance between two vertices u and v is
denoted by dg(u,v) and is the length of a shortest path between u and v in G. The
diameter of G is max{d; (u,v): u,veV(G)}. It is well known that almost all graphs have
diameter two. The degree of vertex u is the number of edges adjacent to u and is denoted
by degg (u) .

A chemical graph is a graph whose vertices denote atoms and edges denote bonds
between those atoms of the underlying chemical structure. A topological index for a

(chemical) graph G is a numerical quantity invariant under automorphisms of G and it
does not depend on the labeling or pictorial representation of the graph. Topological indices
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and graph invariants based on the distances between vertices of a graph or vertex degrees
are widely used for characterizing molecular graphs, establishing relationships between
structure and properties of molecules, predicting biological activity of chemical
compounds, and making their chemical applications.

The concept of topological index came from work done by Harold Wiener in 1947
while he was working on boiling point of paraffin. The Wiener index of G is defined as

W(G):Z{U,V}QV(G)dG(U’V)- Two important topological indices introduced about forty

years ago by Ivan Gutman and Trinajsti¢ [5] are the first Zagreb index M,(G) and the

second Zagreb index M,(G) which are defined as
M,(G)= ) (degq(u)+degs(v)) = D (degs(u)?, M,(G)= > degg(u) dege (V).
uveE(G) uev (G) uveE (G)
The degree distance was introduced by Dobrynin and Kochetova [1] and Gutman
[4] as a weighted version of the Wiener index. The degree distance of G, denoted by
DD(G), is defined as follows and it is computed for important families of graphs ( see[8]

and [12] for instance):
DD(G)= Y dg(u,v) (degs (u)+degg (v)).

{uvieV (G)

For a graph G = (V,E), the Mycielskian of G is the graph u(G) (or simply, u)
with the disjoint union V u X u{x} as its  vertex  set and
Eu{vx; vy, e BE}u{xx :1<i<n} as its edge set, where V ={v,v,,.,v,} and
X ={X;,X,,...,X, }, see [9]. The Mycielskian and generalized Mycielskians have fascinated

graph theorists a great deal. This has resulted in studying several graph parameters of these
graphs. Fisher et al. [3] determine the domination number of the Mycielskian in 1998, Taeri
et al. [2] determine the Wiener index of the Mycielskian in 2012, and Ashrafi et al. [6]
determine Zagreb coindices of the Mycielskian in 2012.

In this paper we determine the degree distance index of the Mycielskian of each
graph with diameter two. Also, we determine the degree distance of the complement of
Mycielskian of arbitrary graphs.

2. DEGREE DISTANCE OF THE MYCIELSKIAN

In order to determine the degree distance index of Mycielskian graphs, we need the
following observations. From now on we will always assume that G is a connected graph,

V(G) ={v;,Vy,... vV, }, X ={X, %,,.... X, h V(G)n X = ¢, x gV (G) U X,
and u is the Mycielskian of G, where
V() =V (G)u X u{x}, E(u) = E(G)u{vx; :v,v; € E(G)}u{xx :1<i<n}.
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Observation 1. Let u be the Mycielskian of G . Then for each v eV (u) we have
n V=X
deg,(v) =41+degs (V) v=Xx
2degs (V) v=yv,

Observation 2. In the Mycielskian ¢ of G, the distance between two vertices u,v eV (u)
are given as follows.

1 U=XV=X,

2 u=xv=y,

2 u=Xx;, V=X

de(vi,v;)  u=v,v=v,,dg(v,v;)<3
d,(uv) = 4 u=v;, v=v;,dg(v,v;) 24

2 u=vi,v=xj,i=j

dg(vi,v;) u=v,v=x,i=j,ds(v,v;)<2

3 U=v,v=x,i# jdg(v,v;)=3.

Specially, the diameter of the Mycielskian graph is at most four.

There are | E(G) | unordered pairs of vertices in V =V (G) whose distance is one, and
D (degg (u) +degg (v)) =2 D (deg (u) +degg (v) = 2M, (G).

(u,v)eVxVv uveE(G)
dg (u,v)=1

Lemma 1. Let G be a graph of size m whose vertex setis V ={v,,v,,...,v,}. Then,
> (degg (u) +deg (v)) = (n—1)2m.

{vivjleVv

Proof. For each i e[n]={L2,...,n}, |{{i, j} <[n]:j #i}|=n-1. Therefore,

3 (deg (v;) + degy (v,)) = 3. (1) dege (v) =(n —1)2m.
@i, jxein] i

Lemma 2. For each graph G of size m we have
Z(dege (Vi) + dege (Vj ))=2m(n-1)— MI(G)'

{vi.vj}2E(G)
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Proof. Since each vertex v, eV(G) has deg.(v;) neighbors in G, the number of non-
adjacent vertices to v, in G equals n—1—deg(v;). This implies that

3" (dege () + dege (v,)) =Y (n—1- deg, (v,)) dege (v;)

{vi.vj}2E(G) i=
= (n-1)Y deg, (v~ (deg, ()
=2m(n-1)-M,(G).
0

It is a well known fact that almost all graphs have diameter two. This means that
graphs of diameter two play an important role in the theory of graphs and their applications.

Theorem 1. Let G be an n-vertex graph of size mwhose diameter is 2. If g is the
Mycielskian of G, then the degree distance index of u is given by
DD(u) =4DD(G)-M,(G)+ (7Tn-1)n+(8n+12)m.

Proof. By the definition of degree distance index, we have
DD(u(G))= > d,(u,v) (deg,(u)+deg, ().
{u ViV (n)
Regarding to the different possible cases which u and v can be chosen from the set V (u),
the following cases are considered. In what follows, the notations are as before and two
observations 1 and 2 are applied for computing degrees and distances in u .

Casel. u=xandve X:
Zdy(x, X;) (deg,, (x) +deg,, (X)) =z (n+1+degg(v,))=n(n+1)+2m.
i=1 i=1

Case2. u=x and veV(G):

Zn:dy(x,vi) (deg,, (x) +deg,(v)) =Zn: 2(n+2deg, (v;)) = 2(n* + 4m).
Case 3. {u,v}c X:
Using Lemma 1 we see that
>-d, (%, x;)(deg, (x)+deg, (x;)) = > 2(2+degq (v;) +degq (v)))

{xi.xj3eX {x.xj}=X

_ 4(2}2 3" (dego (v)+ dego (v,)

i j3ln]
=2n*-2n+4(n-1m.



Degree Distance Index of the Mycielskian and its Complement 5

Case 4. {u,v} <V (G). Since the diameter of G is two, Observation 2 implies that
d,(v;,v;) =dg(v;,v;) . Hence,

zdy(Viij) (deg,,(v;) +deg,(v;)) = sz(Viij) (2degg (v;) +2degg (v)))

{vi.vj}cV (G) {vi.vj3eV(G)
_2DD(G).

Case5. U=V, and v=x,1<i<n.

3 d, (%) (deg, (v) + deg, (x)) =3 2 (3deg () +1)

=2n+12m.

Case6. U=V, and V=X, i # ].

Zdﬂ(viixj) (dEQH(Vi)"'degﬂ(Xj)) = Zdu(viixj) (Zdege(vi)+dege(vj)+1)

{Vivxj_}g_v(.u) {Vivxj_}g_v(.u)
i#] 1#)
= >.d,(v,x;) (dege (v;) +degs (v)))
{Vivxj_}g_v(.u)
i#]j
+ >.d,(v,,x;) (dege (v)+2).
{vi X3V (w)

i#]

Since dM(Vi,XJ‘) = dM(VJ‘,Xi) : dM(vi,vi) =0, and using Observation 2, we have

zd‘u(vi’xj) (degG(Vi)+degG (Vj)) =2 zdy(vi’xj) (degG(Vi)+degG(Vj))

{VivXj_}Q_V(H) {Viij_}QY(G)
1#] i#]
=2 zde (vi,Vv;) (degg(v;) +degs(v;))
{vi.vjleVv (G)
— 2DD(G).

Each edge Vivj=Vijvj € E(G) corresponds to two pairs {vi,xj-} and {Vj,Xi} of
distance 1 in the Mycielskian graph p. Since the diameter of G is two and using Lemma 2
we get

>d,(vx,) (dege (v)+D = Y1(+dega(v)) + 32 (1+dege(v,))

i X3V (u) {vix;}eV(u) {vixj3eVv ()
i#] viv;eE(G) Vviv; ¢E(G)
=2m+ z (dEQG (Vi) + degc—; (Vj ).
ViV €E(G)
n
+4([ J—m) +2 ) (degg(v;) +degg (v,))
2 vivsz(G)

=2n(n-1)+2m(2n-3) - M,(G).
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Now the result follows through these six cases.

3. DEGREE DISTANCE OF THE COMPLEMENT OF MYCIELSKIAN

In order to determine the degree distance index of the complement of Mycielskian graphs,
we need two following observations.

Observation 3. Let i be the complement of Mycielskian x of G . Then for each veV (i)
we have
n V=X
deg, (v) =12n—(1+degs(v)) V=X
2n—2deg.(v;) V=YV,
Observation 4. In the complement of Mycielskian p of G, the distance between two
vertices u,v eV (i) are given as follows.

U=XxV=Xx
u=X,V=Vy
u=x, V=X
] u=v,v=v;,ds(v,v;)>1
2 Uv) =
U=v,Vv=Xx;,i=j

2

1

1

1

2 u=v,v=v;,dg(v,v;)=1
1

1 u=v,v=x,i=j,ds(v,v;)>1
2

u=v,v=x,i=# jdg(v,v;) =1

Specially, the diameter of p is exactly 2.

Theorem 2. Let G be an n-vertex graph of size m and let p be the complement of the
Mycielskian p of G .Then, the degree distance index of p is given by

DD(i) = n(6n® +10n —5) —4m —5M, (G).
Proof. By the definition of degree distance, we have

DD()= Y., (u.v) (deg, (u) + deg,, (v)).

{uvieVv (@)
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We consider the following cases. For computing degrees and distances in @ we use two
observations 3 and 4.

Casel.u=x and ve X..
D d.(x,%) (deg, (x) + deg . (X)) =
i=1

Case2. u=x and veV(G).

2(3n—deg, (v,) —1) = 6n* —2n —4m.

n
i=1

Zn:dﬁ(x,vi) (deg, (x) +deg (v;)) =Zn: (3n—2deg (v;)) = 3n* —4m.

i=1 i=1
Case 3. {u,v} < X . Using Lemma 1 we see that
D d, (%, %;) (deg, (x) +deg, (x;)) = D (4n—2—(degs (v;) +degg (v;)))
4%} X {i. j3<ln]
=4n* -2n-2m(n-1).
Case 4. {u,v}cV(G). Using Lemma 2 we have
> d (v, V) (deg (v)+deg, (v))) = Y (4n—2(degq (v,) +degq (V)

{vivjIev (G) Vivj2E(G)

+2 )" (4n—2(degq (v;) +degs (v;)))

viv;eE(G)

_ 4n((;J—m)—2(2m(n—l)— M, (G))

+8mn—4M,(G)

=2n’(n—-1)+4m—-2M,(G).
Case 5. u=vj and v=xj, 1<i<n.

Zn:dﬁ(vi,xi) (deg, (v,) +deg (x)) =Zn: (4n—-3deg, (v,)—1) = 4n* —n—6m.

i=1
Case 6. u=Vv; and v=xj, i = j. By Observation 4, dip(vi, xj) =dp(vj,x) is 1 when
Vivj ¢ E(G), otherwise is 2. Thus,

> d,(v;, x;) (deg, (v;) +deg, (x;)) = D (4n—1-2degq(v,) —degq(v)))
{vi,Xj}gV(fl) (Viij)
i] vivi2E(G)

+ >.2(4n-1-2degq (v;) —degs (v;))
(vi.v;)
Viv;eE(G)
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Each vertex v; can be paired with n—1-degg(vj) vertices v; as (vj,vj) with the

condition v,v; ¢ E(G). Also, note that Z(Vi,Vj)(dEQG(Vi)+d89G(Vj)) is equal to

ZZ{Vi ’Vj}(degG (vj)+degg (vj)). Hence, using Lemma 2 we obtain

n
) (4n—1—2degG(Vi)—dege(Vj))=2((Zj—m)(4n—1)— Y (degg(vi) +degg (vj))
(vi,vj) (vVi.vj)
vivj2E(G) vivj2E(G)
- Xdegg(vj)
(Vi.vj)
viVjeE(G)

= (n2 —n-2m)(4n-1)-2(2m(n-1) - M1(G))- (2m(n -1) - M1(G)).
Note that |{(vi,vJ-): Vivj € E(G)}|=2m and

2(vj V)iV cE(G)dedg (vi) = Zinzl(degc; (Vi))2 ’

because each vertex v;j has degg(vj) neighbors and appears degg(vj) times in the desired
summation. Thus, using similar arguments we see that
> 2(4n—-1-2degg (vj) —degg (Vj )) =4m (4n—-1) -6M1(G).
(Vi.vj)
vivjeE(G)

Now the result follows through these cases.

By considering Observation 3, it's not hard to check that

M1 (f) = 5M1(G) +8n° —3n2 — 24mn + 4m+n.
Thus, Theorems 1 and 2 imply the following result.

Corollary 4. Let G be an n-vertex graph of size m and let H be the complement of the

Mycielskian of G .Then, DD(u(H)) =16n° + 73n2 +5n + 20m +56mn — 25M1(G).
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