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ABSTRACT Reliability Wiener number is a modification of the original Wiener number in
which probabilities are assigned to edges yielding a natural model in which there are some (or
all) bonds in the molecule that are not static. Various probabilities naturally allow modelling
different types of chemical bonds because chemical bonds are of different types and it is well-
known that under certain conditions the bonds can break with certain probability. This is fully
taken into account in quantum chemistry. In the model considered here, probabilistic nature is
taken into account and at the same time the conceptual simplicity of the discrete graph
theoretical model is preserved. Here we extend previous studies by deriving a formula for the
reliability Wiener number of a Cartesian product of graphs GoH.
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1. INTRODUCTION

Distance is a basic yet very important notion in many applications of graph theory
including mathematical chemistry [2, 3]. The sum of all distances, in mathematical
chemistry well known as the Wiener number of a graph [15], is also studied in mathematics
[9] and in computer science [8]. Wiener number is the first topological index used in
chemical graph theory. Until today, a remarkably large number of modifications and
extensions of the Wiener number was put forward (see for example the special issues and
books [4, 5]). However, there are relatively few studies of a seemingly natural extension of
Wiener number where the meaning of the edge weights are probabilities. The name for the
invariant studied here is reliability Wiener number because this generalization of Wiener
number was first applied in the context of interconnection networks [12]. We believe that it
may be also of interest in chemical graph theory, because the idea to assign probabilities to
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edges is a natural model taking into account that in the structure observed there are some
(or all) edges (bonds) that are not static [13]. Various probabilities naturally allow
modelling different types of chemical bonds. Namely, chemical bonds are of different types
and it is well-known that under certain conditions the bonds can break with certain
probability. This is fully taken into account in quantum chemistry. However, a model that
would take into account the probabilistic nature and at the same time keep the conceptual
simplicity of the discrete graph theoretical model may be a fruitful avenue of research. It
was shown in [13] that reliability Wiener number can be used as a measure of branching
[10, 11].

Another motivating example is the benzen ring where there are double bonds which
form a perfect matching in the complete graph on 6 vertices. There are 10 possible perfect
matchings among 6 vertices. Usually, only two matchings that are most probably based on
the fixed embedding of the ring into the space are considered (so called Kekulé structures).
However it also makes sense to take into account the extended pairings (Dewar, Claus and
others) for a given connectivity as was done for example in [1]. Therefore, it may be natural
to give certain probabilities to the matchings and thus to double bonds. For example, the
two Kekulé structures may naturally be assumed to have probability 1/2 each, but there are
other possibilities of course.

Cartesian product of graphs is one of the standard graph products [6]. Well known
structures that can be regarded as graph products are meshes and tori that can be obtained
as products of paths and cycles, respectively. Wiener number of Cartesian product was
studied in [16, 7, 14]. In this paper we show how the reliability Wiener number of a
Cartesian product can be computed when knowing the reliability Wiener numbers of
factors. In the next section, basic definitions are given. In Section 3, a definition of
Cartesian product of edge weighted graph is given and a basic lemma is proved. The main
theorem is proved in Section 4.

2. DEFINITIONS

A weighted graph G = (V,E,p) is a combinatorial object consisting of an arbitrary set
V =V(G) of vertices, a set E = E(G) of unordered pairs {u, v} = uv = e of distinct
vertices of G called edges, and a weighting function, p = p;. The weight function
p:E(G) » [0,1] is interpreted as the probability of edges. That is, 1 —p(e) is the
probability that edge e € E(G) breaks. Hence it is natural to assume that p(e) > 0 for any
edge of the graph (bond). Alternatively, we can consider the complete graph and model non
existing edges by setting p(e) = 0. As usual, the order and size of G are denoted by
n = |V(G)| and m = |E(G)]|.
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Here, G = H denotes graph isomorphism, i.e. the existence of a bijection b: V(G) —
V(H) such that (1) g4, g, are connected in G exactly if b(g,), b(g,) are connected in H
and (2) ps (91, 92) = Pu(b(91),b(g2)).

A path P between u and v is a sequence of distinct vertices
U = vy, Vq,Vy, ..., Vk_1, Vx = U such that each pair v;v;,4, (l =1i,...,k— 1) is connected
by an edge.

We can define the reliability of a path P with

k-1
p®) = | | i vian).
=0

In the special case when all edges have probability 1, p(P) = 1for any path P.

Of course, several paths from one vertex to another can exist. The maximum
reliability between two vertices is reached using the path with maximum reliability. In [12],
the notion of reliability of a graph was introduced by a version of Wiener number where
instead of the usual distance the most reliable path between each pair of vertices is
considered. Following this idea, we defined in [13] the reliability Wiener number as
follows. For two vertices u, v € V(G) denote with Py the set of all directed paths from u
to v. The weight of the most reliable path from u to v is called the reliability of (u, v):

Fgg = max{p(P) }. (1

PEPy;

Furthermore, we set Fz; = 1 for allu € V(G) and define

R*(u) = Yyev(6)-u Fuw the weighted out-reliability of vertex u,
R™ (W) = Yyev(c)-u Fru the weighted in-reliability of vertex v,
Wg+(G) = Yyev(c) R™ (w) the out-reliability Wiener number of G,
Wg-(G) = Xuev() R™ () the in-reliability Wiener number of G.

As undirected graphs are studied here, obviously, because p(u,v) =p(v,u) =
p(e) for any edge e = {u, v} in G, R~ (u) = R*(u) =:R(uw) and Wr-(G) = Wg+(G), so
we can define the reliability Wiener number by

1 1 1
W(G,p) =5 Xueve) RW) =5 Xuev ) Lvevie) Faw = 5 Luzv Fawe (2

The reliability Wiener number of G is a measure of the capacity of the vertices of G
of transmitting information in a reliable form, where the information is transmitted through
the most reliable path. As suggested in [12], the problem of finding Fz can be solved by
using Dijkstra’s algorithm on a weighted digraph G' = (V,E, —Inp). Hence Wy can be
computed efficiently.
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3. THE CARTESIAN PRODUCT OF GRAPHS

First, we generalize the definition of Cartesian product to (edge) weighted Cartesian
product of weighted graphs.

Definition 1 7he Cartesian product of weighted graphs G and H is a weighted graph,
denoted as GOH, whose vertex set isV(GOH) =V(G) X V(H). Two vertices u = (a, x)
and v = (b,y) of GOH are adjacentifa =b and xy € E(H) or x =y and ab € E(G).
The probabilities (weighting function p) on edges (u,v) = (a,x)(b,y) of a graph GOH are

_ _(p(xy); ifa= bandxy € E(H),
p(w,v) =p((@x) (b)) = {p(ab); ifx = yandab € E(G).

Remark. Following the definition of reliability of (1), in the case of undirected Cartesian
product of graphs, we will omit arrows and write Fig x)p,y)-

Lemma 2 For any two weighted graphs G and H, the reliability of the pair ((a, x), (b, y)),
Fiax)(b,y) Is the product of reliabilities of the projections:

Faxwy = Faxwx - Foxmy- 3)

Proof. Let P be arbitrary most reliable path from a to b in G: a = ag,a4,a5,...,0, = b
with the reliability p(P) = pg - p1 " Pn—1 = Fap. Let Q be arbitrary most reliable path from

x to yin H: x = Xg, X1, X3, .., X,y =y with the reliability p(Q) =q¢ - q1 " Gm-1 = Fey.

This gives rise to two paths in GOH:

P x {X} = (ClO,X)(Cll,X)(Clz,X) (Cln,X)
{b} X Q = (b,x0)(b,x1)(b,x2) -+ (b, Xm)
with the reliabilities Fiq xy,x) = P(P) and F, x)p,y) = P(Q), respectively. Here we use the

obvious fact that F x)p,x) In GOH is just a copy of Fg;, in G. The concatenation of these
paths is a path from (a,x) to (b,y) with reliability Fxyx) - Fox)m,y)- Hence,
maximizing over all paths from (a, x) to (b, y),

Fax)wy) Z Flaxywx  Foxmy):

Conversely, let P be a path from (a, x) and (b, y) in GOH, with maximum reliability. Thus,

p: (a,x) = (ag, xp)(ay, x1)(az,x2) -+ (ay, xy) = (b, y)
and

Flaxmy) =PP) =Py D1 Pn-1-
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Using the projections I1;:GOH — G, I1;(a,x) = aand [1y:GoOH - H, IIy(a,x) =x on a
path P (for more details see [6]) we find two walks in G and H, respectively:

Mg(P): a=ap,ay,a, ..ay =b awalkin G between a and b,
My (P): x = x9,x1,%,, ...xy =y awalkin H between x and y.

From the definition of the product GOH it is clear that [1;(a;x;) = lI;(a;41xi41) if and
only if My (a;x;) # My (ajs1%i41), i = 0,1,...N — 1. Denote by N; (P) the set of indices i
of vertex-pairs Il;(a;x;),lz(a;41x;41) for which TIl;(a;x;) # lg(a;;1%41), and
similarly, Ny (P). Obviously, N;(P) and Ny (P) are disjoint sets,

INg(P)| + I[Ny (P)| = N
and

=[] 5 paan=[] #
ieNg(P) JENH(P)

Thus,
F(a,x)(b,y) = p(‘ﬁ) = p(Ilg (ﬁ)) : p(HH(‘f))) < Fap - ny-

In the last inequality we use the facts that any walk gives rise to a path with
reliability that cannot be smaller, and that no path can have greater reliability than most
reliable path. Hence reliabilities of projections of P can be bounded from above by F,;, and
F,,. This completes the proof. O

4. MAIN RESULT

Theorem 3 For any two graphs G and H,
Wr(GOH) = |G| - Wr(H) + |H| - Wg(G) + 2Wr(G) - Wr(H). 4

Proof. We will divide the sum in the definition (2) of reliability Wiener number for
V(GoH) into three parts: the sum over all pairs where a = b, the sum over all pairs where
x = y and the sum over all pairs where a # b and x # y.

1
Wr(GOH) = 2 X (ax),my)evcon) Flaxmy)
1
=2 X(ax) (@y)evcamxzy Faxwy)
1
+> Xiax) oxevconyazb Fax)by)

1
+2 X(ax).(by)evGom),azbrzy Flax)(by)-

The first term, using Lemma 2, contributes
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1
> Z Faxwy =5 Z Fax)ay)  Fay@

(a,x),(a,y)EV(GoH),x+y (a,x)(a,y)EV(GOH),x+y

1
ZIGI'E Z ny

x,YEV(H)x+y

= |G| - Wi (H).
Analogously, second term gives
1
> Z Faxyimx) = [H| - Wr(G).

(a,x),(bx)EV(GoH),a+b

In the inner part of the last sum we can use

Yaeve) (Zoeverbra Fanay) " Fay)by)) = Zaeve) Fax@y) - (Zbevcypza Fab)

= Yaev(c) Flaxay) - R(@)
= ny ZaEV(G) R(a)
= 2ny[/l/R (@),

where R(a) is the weighted in/out reliability of vertex a, defined in (1). Thus,

1

1
Faxwy =5 Z Z Z Faxwy

(a,x),(b,y)EV(GoH),a#bx+y x€V(H) yeV(H),y#x a€V(G) beV(G),b+a

=5 Z Z ZnyWR(G)
x€V(H) \yeV(H)y#*x

=We(6): ) R = 2W(G) - W(H).

x€V(H)

Summing up contributions of the three parts completes the proof. ©
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