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ABSTRACT 

The Omega polynomial ( )x  was recently proposed by Diudea, based on the length of strips 
in given graph G. The Sadhana polynomial has been defined to evaluate the Sadhana index of 
a molecular graph. The PI polynomial is another molecular descriptor. In this paper we 
compute these three polynomials for some infinite classes of nanostructures. 
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1. INTRODUCTION  

We now recall some algebraic definitions that will be used in the paper. Let G be a simple 
molecular graph without directed and multiple edges and without loops, the vertex and 
edge-sets of which are represented by V(G) and E(G), respectively. Suppose G is a 
connected molecular graph and x, y  V(G). The distance d(x, y) between x and y is defined 
as the length of a minimum path between x and y. Two edges e = ab and f = xy of G are 
called codistant, “e co f”, if and only if d(a, x) = d(b, y) = k and d(a, y) = d(b, x) = k+1 or 
vice versa, for a non-negative integer k. For some edges of a connected graph G there are 
the following relations satisfied [1 – 4]: 

ecoe             (1) 
e co f f co e              (2) 

hcoehcoffcoe ,                   (3) 
though the relation (3) is not always valid.  

Let });({:)( ecofGEfeC   denote the set of edges in G, codistant to the edge 
)(GEe . If relation co is an equivalence relation (i.e., all the elements of C(e) satisfy the 

relations (1) to (3)), then G is called a co-graph. Consequently, C(e) is called an orthogonal 
                                                
Author to whom correspondence should be addressed.(e-mail:mghorbani@srttu.edu) 



s52                                                                                      M. GHORBANI AND M. SONGHORI 

 

cut “oc” of G and E(G) is the union of disjoint orthogonal cuts: 1 2( ) ... kE G C C C   

and CjCi Ø for kjiji ,..,2,1,,  .  
The Omega polynomial (x) for counting qoc strips in G was defined by Diudea as 

( ) ( , ) c
cΩ x m G c x  with m(G, c) being the number of strips of length c. The 

summation runs up to the maximum length of qoc strips in G. If G is bipartite then a qoc 
starts and ends out of G and so ( ,1) / 2Ω G r , in which r is the number of edges in out of 
G.  

The Sadhana index Sd(G) for counting qoc strips in G was defined by Khadikar et 

al. [5, 6] as Sd(G) = cm(G,c)(|E(G)|  c), where m(G, c) is the number of strips of length c. 
The Sadhana polynomial Sd(x) was defined by Ashrafi and his coauthors [7] as Sd(x) = 
cm(G,c)x|E|  c. By definition of omega polynomial, one can obtain the Sadhana 
polynomial by replacing xc with x|E|c in omega polynomial. Then the Sadhana index will be 
the first derivative of Sd(x) evaluated at x = 1.  

If e is an edge of G, connecting the vertices u and v then we write e = uv. The 
number of vertices of G is denoted by |G|. Let U be the subset of vertices of V(G) which are 
closer to u than v and V be the subset of vertices of V(G) which are closer to v than u: 

     

     

{ | ,  , , },  

{ | ,  , , }.

i i i i

i i i i

U u u V G d u u d u v

V v v V G d v v d v v

  

  
 

Let now 1 2U = U, E , V = V , E    , then n1(e) = |E1| are the number of edges nearer 
to u than v and n2(e) = |E2| are the number of edges nearer to v than u. In all case of cyclic 
graphs there are edges equidistant to the both ends of the edges. Such edges are not taken 
into account. Then, the PI index [8,9] is defined as: 

1 2( ) [ ( ) ( )]
e E

PI G n e n e


  .                                          (4) 

Similar to the case of Sadhaa index, the PI polynomial was defined as: 
1 2[ ( ) ( )]( ) n e n e

e E
PI x x 


  .                                          (5) 

So, the PI index is the first derivative of PI(x) at x = 1. Given an edge e = uv  E(G) 
of G, we define the distance of e to a vertex w  V(G) as the minimum of the distances of 
its edges to w, i.e., 

d(w, e) := min{d(w, u), d(w, v)}. 
Note that in this definitions the edges equidistant from the two ends of the edge e = uv i.e., 
edges f with d(u, f ) = d(v, f ) are not counted. We call such edges parallel to e. This implies 
that we can write | | | ( )|

( )
( ) E N e

e E G
PI x x 


  , where N(e) is set of all parallel edges with e. 
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Here our notations are standard and mainly taken from standard book of graph theory such 
as [10]. We encourage reader to consult the work of Khadikar for discussion and 
background material about the PI index [11  15]. 

2.  NANOSTAR DENDRIMERS 

The goal of this section is computation of PI, Omega and Sadhana polynomials of nanostar 
dendrimer Gn, depicted in Figure 1. To do this, consider the following fundamental 
proposition: 
 
Proposition 1. Let G be a bipartite graph and  e E G . Then ( ) ( )C e N e . 

 
By using Proposition 1 we can reformulate three mentioned counting polynomials 

as follows: 

| |

| |

( ) ( , ) ,

( ) ( , ) ,

( ) . ( , ) ,

c
c

E c
c

E c
c

Ω x m G c x

Sd x m G c x

PI x c m G c x





 

 

 







 

where m(G, c) is the number of strips of length c.  
Now we are ready to compute three counting polynomials of nanostar dendrimer 

Gn. At first consider G1, in Figure 2. Obviously, there are two different strips, e. g. F1 and 
F2. On the other hand there are 36 strips of type F1 and 9 strips of type F2. Further, |F1| = 2 
and |F2| = 1. Hence by using Theorem 1, we have  

2 19 20 19 20( ) 9 3 , ( ) 9 3 , ( ) 18 3 .Ω x x x Sd x x x PI x x x       
Let us consider the graph of G2 depicted in Figure 1. Similar to the last case, there 

are two different strips, namely F1 and F2, in which |F1| = 2 and |F2| = 1. On the other hand 
there are 36 strips of type F1 and 9 strips of type F2. Further, |F1| = 2 and |F2| = 1. This 
implies  

2 85 86 85 86( ) 36 9 , ( ) 9 3 , ( ) 72 9 .Ω x x x Sd x x x PI x x x       
 

In generally, in Gn there are two strips F1 and F2, with |F1| = 2 and |F2| = 1. By 
counting strips equivalent with F1 and F2 respectively, it is easy to see that there are 9 + 
272n2 strips of type F1 and 3 + 12  2n2 cut edges. Thus we proved the following 
Theorem: 
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Figure 1. 2D Graph of Nanostar Dendrimer Gn for n = 2. 

 
F1

F2

 
Figure 2. 2D Graph of Nanostar Dendrimer Gn for n = 1. 

 
 

Theorem 2. Consider the nanostar dendrimer Gn, for n ≥ 2. Then  
2 2 2

2 | | 2 2 | | 1

2 | | 2 2 | | 1

( ) (9 27 2 ) (3 12 2 ) ,

( ) (9 27 2 ) (3 12 2 ) ,

( ) 2(9 27 2 ) (3 12 2 ) ,

n n

n E n E

n E n E

Ω x x x

Sd x x x

PI x x x

 

   

   

     

     

     

 

where | | | ( ) | 33 2 45n
nE E G    . 

 

3.  FULLERENE GRAPHS 

Carbon exists in several allotropic forms in nature. Fullerenes are zero-dimensional 
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nanostructures, discovered experimentally in 1985 [16]. Fullerenes are carboncage 
molecules in which a number of carbon atoms are bonded in a nearly spherical 
configuration. The most famous fullerenes are [5, 6] fullerenes, e. g fullerenes with 
pentagonal and hexagonal faces. In this section we study [3, 6] fullerenes. Let t, h, n and m 
be the number of triangles, hexagons, carbon atoms and bonds between them, in a given 
fullerene C. Since each atom lies in exactly 3 faces and each edge lies in 2 faces, the 
number of atoms is n = (3p + 6h)/3, the number of edges is m = (3t + 6h)/2 = (3/2)n and the 
number of faces is f = t + h. By the Euler’s formula n − m + f = 2, one can deduce that (3t + 
6h)/3 – (3t + 6h)/2 + t + h = 2, and therefore t = 4. This implies that such molecules, made 
entirely of n carbon atoms, have 4 triangles and (n/2)  2 hexagonal faces. 
 In this section we compute Omega polynomial and Sadhana polynomial of an 
infinite class of fullerene graphs, namely C8n fullerenes, see Figures 3, 4. In other words, 
this family of fullerenes has exactly 8n vertices and 12n edges.  
 

 
Figure 3. 2D Graph of Fullerene C8n for n = 2. 

 
Figure 4. 2D Graph of Fullerene C8n for n = 3. 

 

At first suppose n = 2, Figure 3. By computing number of strips and their sizes 
Omega and Sadhana polynomials are as follows: 

2 6 4( , ) 2 4 2G x x x x     and 34 30 32( , ) 2 4 2Sd G x x x x   . 

When n = 3, Figure 4, one can see that 2 6 4( , ) 2 4 2G x x x x     and 
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34 30 32( , ) 2 4 2Sd G x x x x   . By computing this method we have the following Theorem 
for Omega and Sadhana polynomials of [3, 6] fullerene graphs: 
 
Theorem 3. Consider the fullerene graph C8n (Figure 5). Then: 

2 4 2

8
2 4 2

12 2 12 4 10

8
12 2 12 4 11 10

2 ( 1) 4 2 |
( , ) ,

2 ( 1) 2 3 2 |

2 ( 1) 4 2 |
( , ) .

2 ( 1) 2 3 2 |

n

n
n n

n n n

n n n n n

x n x x n
F x

x n x x x n

x n x x n
Sd F x

x n x x x n

 

 

    
   

   
   

 

Proof. To compute qoc strips we should to consider two cases: 
Case 1: n is even. According to Figure 5(a), there are 3 strips such as C(e1), C(e2) 

and C(e3) with | C(e ) | 21  ، 2| C(e ) | 4  and 3| ( ) | 2C e n . On the other hand, there are 2, 
1n  , 4 stripes of types C(e1), C(e2) and C(e3), respectively. This completes the first claim. 

Case 2: n is odd. n is even. According to Figure 5(b), there are 4 strips such as 
C(e1), C(e2), C(e3) and C(e4) with 1| ( ) | 2C e   ، 2| ( ) | 4C e  , | ( ) |3C e n  and 4| ( ) | 2C e n . 
On the other hand, there are 2, 1n  , 2, 3 stripes of types C(e1), C(e2), C(e3) and C(e4), 
respectively. This completes the proof. 

e1

e2
e3

 
Figure 5(a). 2D Graph of Fullerene C8n,  n is Even. 
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e1

e2
e3

e4

 
Figure 5(b). 2D Graph of Fullerene C8n, n is Odd. 
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