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ABSTRACT
A graph that contains a Hamiltonian cycle is called a Hamiltonian graph. In this paper we
compute the first and the second geometric – arithmetic indices of Hamiltonian graphs. Then
we apply our results to obtain some bounds for fullerene.
Keywords: Fullerene graphs, Hamiltonian graphs, geometric –arithmetic index.

1.

INTRODUCTION

Throughout this paper graph means simple connected graph. Let G be a connected graph
with vertex and edge sets V(G) and E(G), respectively. Suppose Λ denotes the class of all
graphs. A map is called a topological index, if G  H implies that Top(G) = Top(H).
Obviously, the maps Top1 and Top2 defined as the number of edges and vertices,
respectively, are topological indices. The Wiener index is the first reported distance based
topological index and is defined as half sum of the distances between all the pairs of
vertices in a molecular graph, [1]. If x, y V (G ) then the distance dG ( x, y ) between x and y
is defined as the length of any shortest path in G connecting x and y. The eccentricity of a
vertex u in G was also defined as ε(u) = Max{d(x, u) | x  V(G)}.
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Nowadays thousands and thousands topological indices are defined for different goals,
such as stability of alkanes, the strain energy of cycloalkanes, prediction of boiling point
and etc. One of the important topological index is the geometric – arithmetic index (GA)
considered by Vukičević and Furtula [2, 3] as
GA(G )  uvE

2 deg(u ) deg(v )
,
deg(u )  deg( v)

in which degree of vertex u denoted by deg(u).
Fathtabar et. al [4] introduced a new version of geometric – arithmetic index and
named it GA2 index. It was defined as follows:
2 n(u )n(v )
,
n(u )  n(v )
where, n(u) is the number of vertices of G closer to u than to v. Zhou and his coauthors [5]
introduced the third version of geometric – arithmetic index, namely GA3 index, which is
defined as follows:
GA2 (G )  uvE

2 m(u )m(v )
,
m(u )  m(v )
where, m(u) is the number of edges of G closer to vertex u than to vertex v. Ghorbani et. al
[6] introduced GA4 index based on eccentricity of vertices. In other words, it defines as
follows:
GA3 (G )   uvE

GA4 (G )  uvE

2 ε(u )ε(v)
.
ε(u )  ε(v)

Carbon exists in several allotropic forms in nature. Fullerenes are zerodimensional
nanostructures, discovered experimentally in 1985 [7]. Fullerenes are carboncage
molecules in which a number of carbon atoms are bonded in a nearly spherical
configuration. Let p, h, n and m be the number of pentagons, hexagons, carbon atoms and
bonds between them, in a given fullerene F. Since each atom lies in exactly 3 faces and
each edge lies in 2 faces, the number of atoms is n = (5p + 6h)/3, the number of edges is m
= (5p + 6h)/2 = 3/2n and the number of faces is f = p + h. By the Euler’s formula n − m + f
= 2, one can deduce that (5p + 6h)/3 – (5p + 6h)/2 + p + h = 2, and therefore p = 12, n = 2h
+ 20 and m = 3h + 30. This implies that such molecules, made entirely of n carbon atoms,
have 12 pentagonal and (n/2  10) hexagonal faces, while n  22 is a natural number equal
or greater than 20 [8]. The aim of this paper is to compute two versions of geometric
arithmetic indices of fullerenes. Through this paper, our notations are standard and taken
from the standard book of graph theory [911]. We encourage reader to references [12–15].
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M AIN RESULTS AND DISCUSSION

Before going to calculate these topological indices for fullerenes, we must compute some
bounds for Hamiltonian graphs. In the field of graph theory a Hamiltonian path is a path
which visits each vertex exactly once. A Hamiltonian cycle is a cycle which visits each
vertex exactly once and also returns to the starting vertex. A graph that contains a
Hamiltonian cycle is called a Hamiltonian graph.
Lemma 1. Let G be Hamiltonian graphs. Then,
2  deg(u )   and 2  (u )   n / 2 .
Proof. Since G has a Hamiltonian cycle, so every vertex is adjacent with at least two
vertices. On the other hand, the maximum distance between two vertices in a cycle is
 n / 2  and this completes the proof.
Example 2. Consider the fullerene graph C20, Figure 1. This fullerene graph is vertex
transitive and so, for every x V (G ) , ε(x) = 5. Since C20 is the smallest fullerene, thus for
every fullerene graph such as F and x V ( F ) we have ε(x) ≥ 5.

Figure 1. Graph of fullerene C20.
Theorem 3. Let Fn be a fullerene graph with n vertices. Then
15  GA4 ( Fn )  3n 2 / 20.

Proof. Since the number of vertices of a fullerene graph is even,  n / 2  = n/2. Thus for
every vertex u in V(Fn), ε(u )  n / 2 . This implies:
GA4 (G )   uvE
and

2 ε(u )ε(v ) 2 | E | n 3n 2

 
ε(u )  ε(v )
10
2 20
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GA4 (G )  uvE

2 ε(u )ε( v) 2  5 | E | 2  5  3n


 15 .
ε(u )  ε(v)
n
2n

Corollary 4. For a Hamiltonian graph G, we have
2| E |
Δ|E|
 GA(G ) 
.
Δ
2
Corollary 5. For every fullerene graph F we have GA(F) = |E| = 3n/2.
It is well known fact if G and H be Hamiltonian graphs, then Cartesian product
G  H is also a Hamiltonian graph. Also we know every cycle is Hamiltonian. So, the proof
of the following proposition is straightforward:
Proposition 6. The graph of nanotorus S = Cn × Cm is Hamiltonian.
Since Cn is vertex transitive so, for every pair of vertices such as x and y, we have
ε(x )  ε( y ) . On the other hand, εG H ((x , y ))  εG (x )  ε H ( y ) . This implies that
GA 4 (C n  C m )   ((a ,b ),( x , y )E (C n C m )

  ((a ,b ),( x , y )E (C n C m )

2 εC n C m ((a , b ))εC n C m ((x , y ))
εC n C m ((a , b ))  εC n C m ((x , y ))

2 [εC n (a )  εC m (b )][εC n ( x )  εC m ( y )]
[εC n (a )  εC m (b )]  [εC n ( x )  εC m ( y )]

| E (C n  C m ) | .
Since, | E (G  H ) |  |V (H ) || E (G ) |  |V (G ) || E (H ) | ,
following theorem:

thus

we

proved

the

Theorem 7.
GA 4 (C n  C m )  2nm .
Lemma 6 [16]. The molecular graph of a polyhex nanotorus T[p, q] (Figures 2,3) is vertex
transitive.
Corollary 7.
GA(T[p, q]) = E(T[p, q]).
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Figure 2. A 2-Dimensional Lattice for T[p, q].

Figure 3. The ZigZag Polyhex Nanotorus T[p, q].
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