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ABSTRACT
The general sum-connectivity index of a graph G, denoted by  a   a (G ) is defined as

a 



uvE (G )

(d u  d v ) a , where du (or dv) is the degree of the vertex u (or v). Efficient

formulas for calculating the general sum-connectivity index of benzenoid systems and their
phenylenes are given, and a relation is established between the general sum-connectivity
index of a phenylene and of the corresponding hexagonal squeeze in this paper.
Key words: general sum-connectivity index; benzenoid systems; phenylene; hexagonal
squeeze.

1

INTRODUCTION

The well-known Randic index (connectivity index), introduced by chemist Randić [1] in
1975 under the name “the branching index", which is now also called " the Randic index"
or " the connectivity index", is a graph-based molecular structure descriptor that is most
frequently applied in quantitative structure-property and structure-activity studies [26]. It
is defined as the sum over all edges of the (molecular) graph of the terms ( d u d v ) 1 / 2 , where
u and v are the vertices of the edge uv  E(G), and du (or dv) is the degree of the vertex u
(or v), i.e.,
R  R (G )   uvE (G ) ( d u d v )
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The sum-connectivity index of the graph G, denoted by    (G) , is defined as [7]:

   (G )   uvE (G ) (d u  d v )



1
2

(2)

For convenience, we might sometimes call R (G ) the product-connectivity index of
G. These two molecular descriptors are highly intercorrelated quantities [8]. In [7], the
authors provided several basic properties for sum-connectivity index,
especially lower and upper bounds in terms of sum-connectivity index, determined
the unique tree with given numbers of vertices and pendant vertices with the minimum
value of the sum-connectivity index, and trees with the minimum, second minimum and
third minimum, and with the maximum, second maximum and third maximum values of
the sum-connectivity index, and discussed properties of the sum-connectivity index for a
class of trees representing acyclic hydrocarbons. In [9], some properties of the sumconnectivity index for trees and unicyclic graphs with given matching number were
obtained.
Motivated by the Randic index, in 1998 B. Bollobas and P. Erdos[10] introduced
the general Randic index:

R (G )   uvE (G ) (du d v )

(3)

where a is any real number, and ( du d v ) is also called the a weight of the edge uv. The
properties of the general Randic index may be found in [1116].
Similar to the definition of the general Randic index, the general sumconnectivity
index was defined in [17]:

 (G )   uvE (G ) (du  d v )

(4)

the general sum-connectivity index generalized both the ordinary sum-connectivity index
and the first Zagreb index, and in [17], the authors gave some basic properties about the
general sum-connectivity index.
In this report, we investigate the general sumconnectivity index of benzenoid
systems and phenylenes.

2

PRELIMINARIES

Some basic concepts is necessary. A i vertex denotes a vertex degree i , and a ( j , k )  edge
stands for an edge connecting a j vertex with a k  vertex, and let ni denote the number
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of ivertex, m jk be the number of ( j , k )  edge, respectively. Then, the general
sumconnectivity index of any graph G with n vertices can be rewritten as

  (G ) 



m jk ( j  k )

(5)

1 j  k  n 1

In the case of a benzenoid system S, which possesses only (2,2), (2,3) and
(2,3)edges, the above formula reduces to

 (G )  m22 4  m23 5  m33 6

(6)

For the simplicity of the expression (6), we only need calculate m22 , m23 and m33 .
Before our main results, we introduce some notions of the benzenoid systems.
As described in [18], we introduce the number of inlets, r , a novel parameter
related in the manner to the structure of benzenoid systems and/or phenylenes proposed by
Cyvin et al [19-21], and show that the general sum-connectivity index is the function of r .
Thus,
B=number of simple bays; C=number of coves; F=number of fjords;
f=number of fissures; L=number of lagoons; b=number of regions.
Note that Bays, coves, and fjords, fissures and lagoons are structural characteristics
of the perimeter of the benzenoid systems playing some role in their theory. An illustrative
example is depicted in Figure 1.
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Figure 1. Types of inlets occurring on the perimeter of a benzenoid system.
Let r be the total number of inlets on the perimeters of a benzenoid system
described above, it is easy to see that
b  B  2C  3F  4 L;
r  B  C  F  f  L.
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THE GENERAL SUM-CONNECTIVITY INDEX OF BENZENOID SYSTEMS

Theorem 1. Let S be a benzenoid system with n vertices, h hexagons and r inlets. Then

 ( S )  ( n  2h  r  2)  4  2r  5  (3h  r  3)  6
Proof By the definition of an inlet, an inlet corresponds to a sequence of vertices on the
perimeter, of which the first and the last are 2vertices and all other 3vertices, thus, we
have

m23  2r

(7)

The number of 3-vertices in a benzenoid system S , is

n3  2(h  1)

(8)

and it follows that

m23  m33  3n3  6h  6

(9)

By combing (7) with (9), we have

m33  3h  r  3

(10)

In benzenoid systems,

m22  m23  m33  m

(11)

is the total number of edges, and m  n  h  1 . Substituting relations (7) and (10) into (11),
we arrive at

m22  n  2h  r  2

(12)

Substituting relations (7), (10) and (12) into equation (6), we directly obtain the desired
result.This completes the proof.
Corollary 2. Let S be a benzenoid system with n vertices, h hexagons and r inlets.
Then

 (S ) 

n 2 6
15  12 5  5 6
2 6

h
r
2
2
30
2
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THE GENERAL SUM-CONNECTIVITY INDEX OF PHENYLENES

Phenylenes are a class of chemical compounds in which the carbon atoms form 6 and
4membered cycles. Each 4membered cycle(=square) is adjacent to two disjoint
6membered cycles(=hexagons), and no two hexagons are adjacent[22]. By eliminating,
"squeezing out", the squares from a phenylene, a catacondensed hexagonal system (which
may be jammed) is obtained, called the hexagonal squeeze of the respective phenylene
[23]. Clearly, there is a oneoone correspondence between a phenylene (PH) and its
hexagonal squeeze (HS). Both possess the same number (h) of hexagons. In addition, a
phenylene with h hexagons possesses h1 squares. The number of vertices of PH and HS
are 6h and 4h+2, respectively; The number of edges of PH and HS are 8h2 and 5h+1,
respectively. An example of phenylene and its hexagonal squeeze is shown in Figure 2.

PH

HS

Figure 2. A phenylene (PH) and its hexagonal squeeze (HS).
In the case of phenylenes, a fissure, bay, cove, fjord, and lagoon are defined in full
analogy to the benzenoid systems: A fissure (respectively. a bay, cove, fjord, or lagoon)
corresponds to a sequence of four (resp. six, eight, ten, and twelve) consecutive vertices on
the perimeter, of which the first and the last are 2vertices and the rest are 3vertices.
Similar to the discussion of Theorem 1, we have
Theorem 3. Let PH be a phenylene with h hexagons and r inlets. Then

 ( PH )  (2h  r  4)  4  2r  5  (6h  r  6)  6
Proof The proof is analogous to the proof of Theorem 1.
The number of 3vertice is n3  4(h  1) , whereas the number of edge is
m  n  (2 h  1)  1  8 h  2 . Thus,
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m22  2h  r  4

(13)

m23  2r

(14)

m33  6h  r  6

(15)

Substituting relations (13)(15) into equation (6), we arrive at the result. Note that a
phenylene with h hexagons has 6h vertices. Inserting relations (13)(15) back into (2), we
readily arrive at:
Corollary 4. Let PH be a phenylene with n vertices and r inlets. Then

 ( PH )  (1  6)h 

5

15  12 5  5 6
r  2 6
30

A RELATION OF THE GENERAL SUMCONNECTIVITY INDEX
BETWEEN PH AND HS

In the following, we establish a relation between the general sumconnectivity index of a
phenylene and of the corresponding hexagonal squeeze.
For the hexagonal squeeze HS of a phenylene, HS may be jammed (which
possesses lagoons). Since a phenylene with n vertices has n/6 hexagons, its hexagonal
squeeze has 4.(n/6) + 2 vertices.
By comparing Theorem 2 with Theorem 4, we have:
Theorem 5. Let PH be a phenylene with h hexagons and HS its hexagonal squeeze.
Then
 ( PH )   ( HS )  3( h  1)  6
ACKNOWLEDGEMENTS. Projects supported by the Research Foundation of Education
Bureau of Hunan Province, China (Grant No. 10B015) and the Science and Technology of
Hunan City University(Grant No. 2010xj006).

REFERENCES
1. M. Randic, Characterization of molecular branching, J. Am. Chem. Soc. 97 (1975)
66096615.

On General SumConnectivity Index of Benzenoid Systems and Phenylenes

103

2. L. B. Kier, L. H. Hall, Molecular Connectivity in Chemistry and Drug Research,
Academic Press, New York, 1976.
3. L. B. Kier, L. H. Hall, Molecular Connectivity in StructureActivity Analysis,
Research Studies Press/Wiley, Letchworth/New York, 1986.
4. R. Todeschini, V. Consonni, Handbook of Molecular Descriptors, WileyVCH,
Weinheim, 2000.
5. L. Pogliani, From molecular connectivity to semiempirical terms: Recent trends in
graph theoretical descriptors, Chem. Rev. 100 (2000) 38273858.
6. R. GarciaDomenech, J. Galvez, J.V. de JulianOrtiz, L. Pogliani, Some new trends
in chemical graph theory, Chem. Rev. 108 (2008) 11271169.
7. B. Zhou, N. Trinajstic, On a Novel Connectivity Index, J. Math.Chem. 46 (2009),
12521270.
8. O. Ivanciuc, T. Ivanciuc, D. CabrolBass, A. T. Balaban, Minimum sum
conectivity indices of trees and unicyclic graphs of a given matching umber, J.
Chem. Inf. Comput. Sci. 40 (2000) 631–643.
9. Z. Du, B. Zhou, N. Trinajstic, Minimum sumconnectivity indices of trees and
unicyclic graphs of a given matching number, J. Math. Chem. 47 (2010) 842855.
10. B. Bollobas, P. Erdos, Graphs of extremal weights, Ars Comb. 50 (1998) 225233.
11. L. H. Clark, J. W. Moon, On the general Randic index for certain families of trees,
Ars Comb. 54 (2000) 233235.
12. Y. Hu, X. Li, Y. Yuan, Trees with minimum general Randic index, MATCH
Commun. Math. Comput. Chem. 52 (2004) 119128.
13. Y. Hu, X. Li, Y. Yuan, Trees with maximum general Randic index, MATCH
Commun. Math. Comput. Chem. 52 (2004) 129146.
14. X. Li, X. Wang, B. Wei, On the lower and upper bounds for general Randic index
of chemical (n, m)-graphs, MATCH Commun. Math.Comput. Chem. 52 (2004)
157166.
15. X. Li, Y. Yang, Sharp bounds for the general Randic index, MATCH Commun.
Math. Comput. Chem. 51 (2004) 155166.
16. X. Li, J. Zheng, Extremal chemical trees with minimum or maximum general
Randic index, MATCH Commun. Math. Comput. Chem. 55 (2006) 381390.
17. B. Zhou, N. Trinajstic, On general sum-connectivity index, J. Math. Chem. 47
(2010) 210218.
18. J. Rada, O. Araujo, I. Gutman, Randic Index of Benzenoid Systems and Phenylenes,
Croat. Chem. Acta 74 (2001) 225235.
19. I. Gutman and S. J. Cyvin, Introduction to the Theory of Benzenoid Hydrocarbons,
SpringerVerlag, Berlin, 1989.

104

S HUBO CHEN, FANGLI XIA AND JIANGUANG YANG

20. S. J. Cyvin and I. Gutman, Kekule Structures in Benzenoid Hydrocarbons,
SpringerVerlag, Berlin, 1988.
21. S. J. Cyvin, J. Brunvoll, The number of catacondensed benzenoids with thirteen
hexagons and enumerations of some chemical benzenoid and coronoid isomers,
Chemical Physics Letters 170 (1990) 364367.
22. A. A. Dobrymin, I. Gutman, S. Klavžar and P. Žigert, Wiener Index of Hexagonal
Systems, Acta Appl. Math. 72 (2002) 247294.
23. L. Pavlovic, I. Gutman, Wiener numbers of phenylenes: an exact result, J. Chem.
Inf. Comput. Sci. 37 (1997) 355358.
24. J. Zhang, H. Deng, S. Chen, Second order Randic index of phenylenes and their
corresponding hexagonal squeeze, J. Math. Chem. 42 (2007) 941947.
25. H. Deng, S. Chen, J. Zhang, The PI index of phenylenes, J. Math. Chem. 41 (2007)
6369.
26. H. YousefiAzari, J. Yazdani, A. Bahrami, A. R. Ashrafi, Computing PI and
Szeged Indices of Multiple Phenylenes and Cyclic HexagonalSquare Chain
Consisting Mutually Isomorphic Hexagonal Chains, J. Serb.Chem. Soc. 72 (2007),
10631067.

