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ABSTRACT 

In this paper some upper and lower bounds for the greatest eigenvalues of the PI and vertex PI 
matrices of a graph G are obtained. Those graphs for which these bounds are best possible are 
characterized. 
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1. INTRODUCTION 

Let G be a connected simple graph with vertex and edge sets V(G) and E(G), respectively. 
As usual, the distance between the vertices u and v of G is denoted by dG(u,v) (d(u,v) for 
short) and it is defined as the number of edges in a minimal path connecting u and v. The 
diameter of G is the length of a longest shortest path of G denoted by diam(G). Suppose e= 
uv ∈ E(G) and w ∈ V(G). Define d(e,w) = Min{d(u,w),d(v,w)}. If f = ab ∈ E(G) then f is 
said to be parallel with e and we write f || e, if d(e,a) = d(e,b). It is easy to see that the 
parallelism is not symmetric. 

The edge PI index (PI index as short) of a graph G is defined as PI(G) = Σe=uv[mu(e) + 
mv(e)], where mu(e) is the number of edges lying closer to u than to v and mv(e) is defined 
analogously. This topological index was introduced by Padmakar Khadikar [10,11]. The 
mathematical properties of this new index can be found in recent papers, [1,4,5,7,8,19]. 
There is a vertex version of this new index, named vertex PI index proposed very recently 
in [12]. It is defined as PIv(G) = Σe=uv[nu(e) + nv(e)], where nu(e) is the vertex contribution 
of the edge e and defined as the number of vertices lying closer to the vertex u than the 
vertex v and nv(e) is defined analogously, see [2,6,12−17] for mathematical properties of 
this new topological index. 

Suppose G is a graph with adjacency matrix A(G) and ߣ is an eigenvalue of A(G). It is 
convenient to name ߣ an eigenvalue of G. The maximum degree of G is denoted by ∆(G). If 
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V(G) = {v1, v2, …,vn} then the vertex PI−matrix of G, VPIM(G), is defined so that its 
(i,j)−entry, aij, is equal to 

ܽ௜௝ ൌ ൜
݊௩೔ሺ݁ሻ ൅ ݊௩ೕሺ݁ሻ ݁ ൌ      ௝ݒ௜ݒ
0                            ݁ݏ݅ݓݎ݄݁ݐܱ

. 

The PI-matrix of G, PIM(G), is defined analogously. Since the vertex PI−matrix is 
symmetric, all its eigenvalues δi, i = 1, 2, . . . , n, are real and can be labeled so that δ1 ≥ δ2 
≥·… ≥δn. The eigenvalues of VPIMሺGሻ are said to be the vertex PI−eigenvalues of G and 
the VPIM−spectrum of G is denoted by VPI−Spec(G).  

The aim of this paper is to extend some results of Indulal [9]. Our notations are standard 
and taken mainly from [3]. 

 
2. PRELIMINARY RESULTS 

The considerations in the subsequent sections are based on the applications of the following 
definitions. 
 
Definition 1. Let G be a graph, V(G) = {v1, v2, ..., vn} and P = VPIM(G). Then the vertex 
PI−degree of vi, Pi, is defined as P୧ ൌ ∑ a୧୨୬

୨ୀଵ . Moreover, if {P1,P2, ..., Pn} is the vertex 
PI−degree sequence of G then the sequence T1, T2, …, Tn, where T୧ ൌ ∑ a୧୨P୨୬

୨ୀଵ  is called 
the second vertex PI−degree of G. G is said to be k-vertex PI regular if Pi = k, 1 ≤ i ≤ n. G 
is called pseudo k−vertex PI−degree regular if ୘౟

୔౟
ൌ k, for all i. 

 
A lot of theorems in algebraic graph theory can be extended to PI and vertex PI 

matrices of graphs. Before going to the main results of this paper, we calculate the PI and 
vertex PI matrices of some well-known graphs. 
 
Example 1. Consider the complete graph Kn. Then ܸܲܯܫሺܭ௡ሻ ൌ  .௡ሻܭሺܣ2
 
Example 2. Suppose Cn denotes the cycle graph of length n. If n is even then VPIM(Cn) = 
nA(Cn) and if n is odd then VPIM(Cn) = (n − 1)A(Cn).  
 
Example 3. A k-regular graph G is said to be strongly regular with parameters (v,k,r,s) if 
|v(G)| = v, any two adjacent vertices of G have exactly r common neighbors and any two 
non-adjacent vertices of G have exactly s common neighbors. In this case, we denote G by 
Srg(v,k,r,s). It is well-known that if G is strongly regular with parameters (v,k,r,s) then r > 
0 and moreover, strongly regular graphs have diameter 2. In [6]  , the authors proved that in 
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a strongly regular graph G= Srg(v,k,r,s), nu(e) = nv(e) = k – r, for every edge e = uv. 
Therefore, VPIM(Srg(v,k,r,s)) = 2(k−r)A(Srg(v,k,r,s)). 
 
Theorem 1. Suppose G is a k−PI regular graph then 

a) k is an eigenvalue of VPIM(G), 
b) The multiplicity of k is one, 
c) For each eigenvalue δ , หδห ൑ k. 

 
Proof. The proof is similar to [3, Proposition 3.1] and so it is omitted.                                 
 
Theorem 2. Suppose G is a graph, d = diam(G) and e = e(G) is the number of distinct 
eigenvalues of G. Then ݁ ≥ ݀ ൅ 1. In particular, e(G) = 2 if and only if G is a complete 
graph. 
 
Proof. It is clear that 2 ൑ ݊௨ሺ݁ሻ ൅ ݊௩ሺ݁ሻ ൑ ݊. Define ܸܲܯܫሺܩሻ௞ ൌ ሾ݀௜௝

ሺ௞ሻሿ. Then by 

induction on k, one can see that 2௞ܽ௜௝
ሺ௞ሻ ൑ ݀௜௝

ሺ௞ሻ ൑ ݊௞ܽ௜௝
ሺ௞ሻ, where ܽ௜௝

ሺ௞ሻ is the number of 

walks of length k connecting vertices vi and vj. Therefore, ݀௜௝
ሺ௞ሻ ൌ 0 if and only if ܽ௜௝

ሺ௞ሻ=0. 
Now a similar argument as [3,Theorem 3.13] completes the proof.                                       
 
Lemma 1. Let G be n-vertex graph and ܸܲܫ െ ሻܩሺܿ݁݌ܵ ൌ ሼߜଵ, … , ௡ሽ. Then 8݉ߜ ൑
∑ ௜ଶߜ ൑௡
௜ୀଵ 2݉݊ଶ and 24ݐ ൑ ∑ ௜ଷߜ ൑௡

௜ୀଵ  .ଷ, where t is the number of triangles in G݊ݐ6
 
Proof. Suppose ܸܲܯܫሺܩሻ௞ ൌ ሾ݀௜௝

ሺ௞ሻሿ. So, 2௞ܽ௜௝
ሺ௞ሻ ൑ ݀௜௝

ሺ௞ሻ ൑ ݊௞ܽ௜௝
ሺ௞ሻ. If  ܸܲܫ െ ሻܩሺܿ݁݌ܵ ൌ

ሼߣଵ, … , ሻሻଶܩሺܯܫሺܸܲ ܿ݁݌ܵ  ௡ሽ thenߣ ൌ ሼߣଵଶ,… , ሻሻଶܩሺܯܫሺܸܲݎܶ ,௡ଶሽ. Thusߣ ൌ ൅ڮଵଶ൅ߜ  ௡ଶߜ
and so, 8݉ ൌ ∑ 2ଶܽ௜௜

ሺଶሻ௡
௜ୀଵ ൑ ∑ ௜ଶ௡ߜ

௜ୀଵ ൌ ∑ ݀௜௜ଶ௡
௜ୀଵ ൑ ∑ ݊ଶܽ௜௜

ሺଶሻ௡
௜ୀଵ ൌ ݊ଶ ∑ ௜ଶ௡ߣ

௜ୀଵ ൌ 2݊ଶ݉. We 
now assume that ti denotes the number of triangles with vertex at vi. 
Since, ሻሻଷܩሺܯܫሺܸܲݎܶ ൌ ൅ڮଵଷ൅ߜ ,௡ଷߜ ௜ݐ8 ൌ 2ଷܽ௜௜

ሺଷሻ ൑ ݀௜௜
ሺଷሻ ൑ ݊ଶܽ௜௜

ሺଷሻ ൌ ݊ଷݐ௜. This implies 
that ∑ ௜௡ݐ8

௜ୀଵ ൑ ∑ ݀௜௜ଷ௡
௜ୀଵ ൌ ∑ ௜ଷ௡ߜ

௜ୀଵ ൑ ∑ ݊ଷݐ௜௡
௜ୀଵ . Therefore, 48ݐ ൑ ∑ ௜ଷ௡ߜ

௜ୀଵ ൑ 6݊ଷݐ, where t 
is number of triangle, as desired.                                                                                            
 
Theorem 3. Let G be a connected graph with ܲܫ௩ Spectrum ߜଵ ൒ ڮ ൒ ሻܩ௡. Then ߯ሺߜ ൒
1 െ ఋభ

ఋ೙
. 

Proof. The proof is similar to [3, Theorem 3.18] and so it is omitted.                                   
 

3. MAIN RESULTS 
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In the following discussions G is always a simple connected graph with P as a vertex ܲܫ௩ 
matrix. We also used the following lemma, which gives a bound on the eigenvalues of G. 
 
Lemma 2. Let G be n-vertex graph. Then for every ܲܫ௩ eigenvalue ߜ of G, |ߜ| ൑ ݊∆ሺܩሻ. 
 
Proof. Let ܺ ൌ ሾݔଵ, ,ଶݔ … , ܺܯ Thus .ߜ ௡ሿ௧ be eigenvector corresponding toݔ ൌ  If .ܺߜ
x୫ ൌ Maxሼxଵ, xଶ, … , x୬ሽ then ∑ p୫୨x୨୬

୨ୀଵ ൌ λ. So, |λ|. |x୫| ൑ ∑ p୫୨หx୨ห୬
୨ୀଵ ൑ n∆ሺGሻ|x୫|. 

This implies that |λ| ൑ n∆ሺGሻ.                                                                                                
 
Lemma 3. Tଵ ൅ Tଶ ൅ ൅ڮ T୬ ൌ Pଵଶ ൅ Pଶଶ ൅ ൅ڮ P୬ଶ. 
 
Proof. By definition ௜ܲ ൌ ∑ ܽ௜௝௡

௜ୀଵ  and ௜ܶ ൌ ∑ ܽ௜௝ ௝ܲ
௡
௝ୀଵ .  Now 

ଵܶ ൅ ଶܶ ൅ ൅ڮ ௡ܶ ൌ ሾ1,1, … ,1ሿሺܲሾ ଵܲ, ଶܲ, … , ௡ܲሿ௧ሻ 
                                 ൌ ሺሾ1,1, … ,1ሿܲሻሾ ଵܲ, ଶܲ, … , ௡ܲሿ௧ 

                                                    =Pଵଶ ൅ Pଶଶ ൅ ൅ڮ P୬ଶ. 
The last equality is follows from the associativity of matrix multiplication.                          
 
Theorem 4. Let G be a graph. Then δଵ ൒

ଶ୔୍౬ሺୋሻ
୬

 and the equality holds if and only if G is 
vertex  PI regular. 
 
Proof. Let ݔ ൌ ଵ

√௡
ሺ1,1, … ,1ሻ be a unit P−vector. Then by Raleigh principle, applied to the 

vertex PI− matrix P of G, we get ߜଵ ൒
௫௉௫೟

௫௫೟
 ൌ

భ
√೙
ሾ௉భ,௉మ,…,௉೙ሿ

భ
√೙
ሾଵ,ଵ,…,ଵሿ೟

ଵ
 ൌ ଵ

௡
∑ ௜ܲ
௡
௜ୀଵ ൌ ଶ௉ூೡ

௡
. 

Suppose G is vertex PI−regular. Then the sum of each row of P is a constant, say k and 
௩ܫ2ܲ ൌ ݊݇. By Perron–Frobenius theorem, a real square matrix with positive entries has a 
unique largest real eigenvalue and that the corresponding eigenvector has strictly positive 
components [3, Theorem 0.2]. Apply this theorem to prove that k is the simple and it is the 
greatest eigenvalue of P. Thus ߜଵ ൌ ݇ ൌ ௡௞

௡
ൌ ଶ௉ூೡ

௡
 and hence equality holds. Conversely if 

equality holds, then x is the eigenvector corresponding to ߜଵ and hence ܲݔ ൌ  This then .ݔଵߜ
gives ௜ܲ ൌ  regular. Hence ܫܲ ଵ for all i. Since ௜ܲ is an integer it follows that G is vertexߜ
the theorem is complete.                                                                                                         
 

Theorem 5. Let G be a graph with vertex PI degree sequence ሼPଵ, Pଶ, … , P୬ሽ. Then 

δଵ ൒ ඨPଵ
ଶ ൅ Pଶଶ ൅ …൅ P୬ଶ

n  

with equality if and only if G is vertex PI−regular. 
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Proof. Let P be the vertex PI matrix of G and X ൌ ሺxଵ, xଶ, … , x୬ሻ be the unit positive 
eigenvector of P corresponding to δଵ. Take C ൌ ଵ

√୬
ሺ1,1, … ,1ሻ. Then  is a unit positive 

vector. So we have PX ൌ δଵX ֜ PଶX ൌ δଵPX ൌ δଵ
ଶX ֜ X୲PଶX ൌ δଵ

ଶ. Therefore δଵ ൌ
√X୲PଶX ൒ √C୲PଶC. Now CP ൌ ଵ

√୬
ሺ1,1, … ,1ሻP ൌ ଵ

ඥ୮
ሺPଵ, Pଶ, … , P୬ሻ.  Hence X୲PଶX ൌ

PXሺPXሻ୲ ൌ ∑ ୔౟
మ౤

౟సభ
୬

 thus δଵ ൒ ට∑ ୔౟
మ౤

౟సభ
୬

 and hence the inequality holds. Assume that G is  

vertex PI regular. Then P୧ ൌ k for all i and hence by the Perron−Frobenius theorem, k is the 
simple and it is the greatest eigenvalue of P. But then 

 δଵ ൌ k ൌ ඨnk
ଶ

n
ൌ ඨ∑ P୧ଶ୬

୧ୀଵ
n

 

and hence equality holds. Conversely if equality holds, then C is the eigenvector 
corresponding to  δଵ. Then as in the proof of Theorem 1, G is vertex PI−regular.                
 
Theorem 6. Let G be a graph with vertex PI−degree sequence ሼPଵ, Pଶ, … , P୬ሽ and second 

vertex PI degree sequence ሼTଵ, Tଶ, … , T୬ሽ. Then δଵ ൒ ට୘భమା୘మమା…ା୘౤మ

୔భమା୔మమା…ା୔౤మ
. Equality holds if 

and only if G is pseudo vertex PI regular. 
 
Proof. Let P be the vertex PI−matrix of G and X ൌ ሺxଵ, xଶ, … , x୬ሻ be the unit positive 
eigenvector of P corresponding to ߜଵ. Take C ൌ ଵ

ට∑ ୔౟
మ౤

౟సభ

ሺPଵ, Pଶ, … , P୬ሻ. Then C is a unit 

positive vector. So we have ܲܺ ൌ ଵܺߜ ֜ ܲଶܺ ൌ ଵܲܺߜ ൌ ଵߜ
ଶܺ ֜ ܺ௧ܲଶܺ ൌ ଵߜ

ଶ. Thus 
δଵ ൌ √ܺ௧ܲଶܺ. Since ܲܥ ൌ ଵ

ට∑ ௉೔
మ೙

೔సభ

ൣܽ௜௝൧ሾ ଵܲ, ଶܲ, … , ௡ܲሿ௧ ൌ
ଵ

ට∑ ௉೔
మ೙

೔సభ

ሾ ଵܶ, ଶܶ, … , ௡ܶሿ,   

ܺ௧ܲଶܺ ൌ ܲܺሺܲܺሻ௧ ൌ భ்
మା మ்

మା…ା ೙்
మ

௉భమା௉మమା…ା௉೙మ
. Therefore, ߜଵ ൒ ට భ்

మା మ்
మା…ା ೙்

మ

௉భమା௉మమା…ା௉೙మ
.  We now assume 

that G is pseudo vertex PI−regular, so ்೔
௉೔
ൌ ݇ or ௜ܶ ൌ ݇ ௜ܲ, for all i. Then ܲܥ ൌ  showing ,ܥ݇

that C is an eigenvector corresponding to k and hence ߜଵ ൌ ݇. Thus the equality holds. 
Conversely if equality holds then as in the proof Theorem 4, we get C is the eigenvector 
corresponding to ߜଵ and ܲܥ ൌ This implies that ்೔ .ܥଵߜ

௉೔
ൌ  ଵ. In other words G is pseudoߜ

vertex ܲܫ regular.                                                                                                                    
 
Theorem 7. The bound for δଵ is improving from Theorems 4 to 6. 
 



116                                      M. J. NADJAFI-ARANI, G. H. FATH-TABAR AND M. MIRZARGAR 

 

Proof. By Lemma 3, ∑ ௜ܶ
௡
௜ୀଵ ൌ ∑ ௜ܲ

ଶ௡
௜ୀଵ . Also by Cauchy–Schwartz inequality 

ሺ∑ ௜ܶ
௡
௜ୀଵ ሻଶ ൑ ݊ሺ∑ ௜ܶ

ଶሻ௡
௜ୀଵ  and ሺ∑ ௜ܲ

௡
௜ୀଵ ሻଶ ൑ ݊ሺ∑ ௜ܲ

ଶሻ௡
௜ୀଵ . Now 

ଵߜ ൒ ට∑ ்೔మ೙
೔సభ

∑ ௉೔మ೙
೔సభ

൒ ට ሺ∑ ்೔೙
೔సభ ሻమ

௡ሺ∑ ௉೔మሻ೙
೔సభ

ൌ ඨሺ∑ ௉೔మሻ೙
೔సభ

మ

௡ሺ∑ ௉೔మሻ೙
೔సభ

ൌ ට∑ ௉೔మ೙
೔సభ
௡

൒ ටሺ∑ ௉೔೙
೔సభ ሻమ

௡ൈ௡
ൌ ଶ௉ூೡ

௡
. 

This completes our proof.                                                                                                       
 

 

REFERENCES 

1. A. R. Ashrafi, B. Manoochehrian and H. Yousefi-Azari, On the PI polynomial of a 
graph, Util. Math. 71 (2006), 97−108. 

2. A. R. Ashrafi, M. Ghorbani and M. Jalali, The vertex PI and Szeged indices of an 
infinite family of fullerenes, J. Theoret. Comput. Chem. 7 (2008) 221−231. 

3. D. M. Cvetkovic, M. Doob and H. Sachs, Spectra of Graphs, VEB Deutscher 
Berlin; Academic Press, New York 1979. 

4. H. Deng, Extremal catacondensed hexagonal systems with respect to the PI index, 
MATCH Commun. Math. Comput. Chem. 55 (2006) 453−460. 

5. H. Deng, On the PI index of a graph, MATCH Commun. Math. Comput. Chem. 60 
(2008) 649−657. 

6. G. H. Fath-Tabar, M. J. Nadjafi-Arani, M. Mogharrab and A. R. Ashrafi, Some 
inequalities for Szeged-like topological indices of graphs, MATCH Commun. Math. 
Comput. 63 (2010) 145−150. 

7. I. Gutman and A. R. Ashrafi, On the PI index of phenylenes and their hexagonal 
squeezes, MATCH Commun. Math. Comput. Chem. 60 (2008) 135−142. 

8. J. Hao, Some bounds for PI indices, MATCH Commun. Math. Comput. Chem. 60 
(2008) 121−134. 

9. G. Indulal, Sharp bounds on the distance spectral radius and the distance energy of 
graphs, Linear Algebra Appl. 430 (2009) 106−113. 

10. P. V. Khadikar, On a novel structural descriptor PI, Nat. Acad. Sci. Lett. 23 (2000) 
113−118. 

11. P. V. Khadikar, S. Karmarkar and V. K. Agrawal, A Novel PI Index and its 
Applications to QSPR/QSAR Studies, J. Chem. Inf. Comput. Sci. 41 (2001) 
934−949. 

12. M. H. Khalifeh, H.Youse−Azari and A.R. Ashrafi, Vertex and edge PI indices of 
Cartesian product graphs, Discrete Appl. Math. 156 (2008) 1780−1789. 



Sharp Bounds on the PI Spectral Radius                                                                            117 

 

13. M. H. Khalifeh, H. Youse−Azari and A. R. Ashrafi, A matrix method for computing 
Szeged and vertex PI indices of join and composition of graphs, Linear Algebra 
Appl., 429 (2008), 2702−2709. 

14. T. Mansour and M. Schork, The vertex PI index and Szeged index of bridge graphs, 
Discrete Appl. Math. 157 (7) (2009), 1600−1606. 

15. M. Mogharrab, H. R. Maimani and A. R. Ashrafi, A note on the vertex PI index of 
graphs, J. Adv. Math. Studies, 2 (2009), 53-56. 

16. M. J. Nadjafi−Arani, Sharp Bounds on the PI and Vertex PI Energy of Graphs, 
MATCH Commun. Math. Comput. Chem. 65 (2011), 131−142. 

17. M. J. Nadjafi−Arani, G. H. Fath-Tabar and A. R. Ashrafi, Extremal graphs with 
respect to the vertex PI index, Appl. Math. Lett., 22 (2009) 1838−1840. 

18. D. B. West, Introduction to Graph Theory, Prentice Hall, NJ, 1996. 
19. H. Yousefi−Azari, B. Manoochehrian and A. R. Ashrafi, The PI index of product 

graphs. Appl. Math. Lett. 21 (2008), 624−627. 


