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Let G, and G, be simple connected graphs with disjoint vertex sets
V(G,) and V(G,), respectively. For given vertices &, €V(G,)
and a, €V(G,), a splice of G, and G, by vertices a, and a, is
defined by identifying the vertices @ and a, in the union of G

and G,. In this paper, we present exact formulas for computing
some vertex-degree-based graph invariants of splice of graphs.
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1. INTRODUCTION

Let G be a simple connected graph with vertex set V(G) and edge set E(G). For a vertex
ueV(G), we denote by N (u) the set of all first neighbors of u in G. The cardinality of
Ng(u) is called the degree of u in G and denoted by dg(u). A graph invariant (also known

as topological index or structural descriptor) is any function on a graph that does not
depend on a labeling of its vertices. Several hundreds of different invariants have been
employed to date with various degrees of success in QSAR/QSPR studies. We refer the

reader to [1-3] for review.

In 1975, Milan Randi¢ [4] proposed a structural descriptor, based on the end-vertex
degrees of edges in a graph, called the branching index that later became the well-known
Randi¢ connectivity index. The Randi¢ index of a graph G is denoted by R(G) and defined

as
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1
R(G) = Z““E@m -
The Randi¢ index is one of the most successful molecular descriptors in QSPR and QSAR
studies, suitable for measuring the extent of branching of the carbon-atom skeleton of
saturated hydrocarbons.
A closely related variant of the Randi¢ connectivity index called the sum-connectivity

index was proposed by Zhou and Trinajsti¢ [5] in 2009. The sum-connectivity index y(G)

of a graph G is defined as

@)= (G)m.
G G
The sum-connectivity index has been found to correlate well with w-electronic energy of
benzenoid hydrocarbons.
Another variant of the Randi¢ connectivity index named the harmonic index was
introduced by Fajtlowicz [6] in 1987. The harmonic index of a graph G is denoted by
H(G) and defined as

2
H (G) = ZuveE(G)W.

In 1998, Estrada et al. [7] introduced another vertex-degree-based descriptor called the

atom-bond connectivity index. The atom-bond connectivity index of a graph G is denoted
by ABC (G) and defined as

dg (u)+dg (V) -2
deWd(v)

This index has been proved to be a valuable predictive index in the study of the formation

ABC(G) = ZUVEE(G)\/

heat in alkanes and it provides a good model for the stability of linear and branched alkanes
as well as the strain energy of cycloalkanes [7, 8].

Motivated by the success of the atom-bond connectivity index, Furtula et al. [9] put
forward its modified version, that they somewhat inadequately named it augmented Zagreb

index. The augmented Zagreb index of a graph G is denoted by Azl (G) and defined as

d (1)dg () T.

AZI(G) =X yve E(G)(dG (u)+dg (v)-2
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Preliminary studies [9] indicate that AZI index has an even better correlation potential than
ABC index.

Motivated by definition of the Randi¢ connectivity index, Vukicevi¢ and Furtula [10]
proposed another vertex-degree-based topological index, named the geometric-arithmetic
index. The geometric-arithmetic index of a graph G is denoted by GA(G) and defined as
JieWdg(v) 2,/dg ()dg (V)
cW+dsw)2 " Fagu)+ds W)

It has been proved that [10], for physico-chemical properties such as boiling point, entropy,

GA(G) = ZUVGE(G) (d

enthalpy of vaporization, standard enthalpy of vaporization, enthalpy of formation and
acentric factor, the predictive power of GA index is somewhat better than the predictive
power of the Randi¢ connectivity index.
Recently, Deng et al. [11] proposed a general mathematical formulation for vertex-
degree-based invariants which is defined for a graph G as
TI(G) = Zuvek(G) F(dg (U).dg (V).
where F(x,y) is an appropriately chosen function.
For an arbitrary vertex u of G, we define
Tlg () = ZveNg (u) F (dg (u). dg (V).

In particular,

F(x,Y) =if0r the Randi¢ index,

N,

for the sum-connectivity index,

F(va)=ﬁ

F(X,Y) __2 for the harmonic index,
X+Yy

X+y-2

F(x,y) = for the atom-bond connectivity index,

3
F(X,y)= ( " f;’_ ZJ for the augmented Zagreb index, and
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F(x,y)=@

X+

for the geometric-arithmetic index.

In this paper, we present an exact formula for computing the general vertex-degree-
based invariant of splice of graphs. Using this result, the Randi¢ connectivity index, sum—
connectivity index, harmonic index, atom-bond connectivity index, augmented Zagreb
index, and geometric—arithmetic index of splice of graphs are computed. Readers interested
in more information on computing topological indices of splice of graphs can be referred to
[12-22].

2. RESULTS AND DISCUSSION

Let G; and G, be simple connected graphs with disjoint vertex sets V(G;) and v(G,), and
edge sets E(G)) and E(G,), respectively, and let & €V(G)) and a, eV (G,). Following
Dosli¢ [21], a splice or coalescence of G, and G, by vertices & and a, is denoted by
(G, *Gy)(&y,ay) and defined by identifying the vertices a; and a, in the union of G; and
G, as shown in Fig. 1. For notational convenience, we denote by n;, e, and §; the order of
G;j, the size of G;, and the degree of the vertex a; in G;, respectively, where ie{1,2}. It is
V ((G1*G2)(ag,a2)) =ny +nz —1 and |[E((Gy »Gy)(ag,az))| =€ +e; -

Gl GJ G1 G;

Figure 1. A splice of G; and G, by vertices a; and a..

easy to see that,

In the following lemma, the degree of an arbitrary vertex of the splice of two graphs
is computed. The result follows easily from the definition of the splice of graphs, so the
proof is omitted.

Lemma 2.1 Let G=(G; ¢Gy)(a,ay). For every vertex ueV (G),
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dg, (u) ueV(Gy)—{a},
dg (u) =1dg, (u) ueV(Gy)—{ax},
51+52 U=4aq Or u=ap.

In the following theorem, the general vertex-degree-based invariant of the splice of

two graphs is computed.

Theorem 2.2 The general vertex-degree-based invariant of G = (G; #G,)(a;,ay) is given by
TI(G) =TI(Gl)+TI(GZ)—TI61(a1)—TIGZ(a2)
+ ZVENGl(al) F(61+62,dG, (V) (1)
+2ve NG, (a2) F(o1+62, dG2 (V).

Proof. By definition of the general vertex-degree-based invariant and Lemma 2.1,

TI(G) =XueE(G)F(dg(u).dg(vV)
= YuveE(Gy)u,v=a F (dgy (U),dg, (V)
+ XuveE (Gy)u,vay F (dg, (U).dg, (V)
* ZveNg, (a) F (01 +62.dg; (V)
+ ZVeNG2 (a2) F(o+ 52'd62 (V).

Now, using the fact that
ZuveE(Go;umi F(dg, (u).dg (V)) =TI(G;) -Tig (&), ie{l.2},

we can get Eq. (1). H

Using Eqg. (1), one can easily compute the Randi¢ connectivity index, sum—
connectivity index, harmonic index, atom-bond connectivity index, augmented Zagreb
index, geometric—arithmetic index, and some other vertex-degree-based invariants of splice

of two graphs.

By setting F(x,y) 1 in Eq. (1), we easily arrive at:

N,

Corollary 2.3 The Randi¢ connectivity index of G = (G, G,)(a,,a,) IS given by
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R(G) =R(Gp+R(G2)-Rg (a1) -Rg, (a2)
1 1 1

—_ > = > .
NOL+62 VeNGl(al) N dGl (V) veNG, (a2) dG2 v)
As a direct consequence of Corollary 2.3, we obtain the following Corollary.
Corollary 2.4 Let G; be n—regular and G, be rp—regular. The Randi¢ connectivity index
of G=(G; *Gy)(a,ap) IS given by

R(G) ze_1+e_2+M_2.
n n NI

in Eq. (1), we easily arrive at:

. 1
By setting F(x,y) =
Corollary 2.5 The sum—connectivity index of G = (G, ¢G,)(a;,a,) is given by

xG) =x(G)+x(G2) - x5, (a) - 26, (a2)
1

+ZveNGl(al) \/5_|_+52+d61(V)
1
(aZ)\/51+52 +dg, (V)

+ ZVeNG2

As a direct consequence of Corollary 2.5, we obtain the following Corollary.

Corollary 2.6 Let G, be r,—regular and G, be r,—regular. The sum—connectivity index of

G =(G, *G,)(ay,a,) IS given by

- €-Nn n n”
G)= + + + _
Z( ) 1}2(1 1/2(2 \/2r1+r2 \/2r2+r1

By setting F(x,y) __Z in Eq. (1), we easily arrive at:
X+Yy

Corollary 2.7 The harmonic index of G =(G; ¢G»)(aj,ap) is given by



Splice Graphs and Their Vertex-Degree—Based Invariants 67

H(G) =H(Gp)+H(Gp)- Hg, (@)~ Hg, (a2)
2

@) 's1 +67 +dg (v)
2

#2) 51 455 +dg, )’

+ ZVeNG1

+2ve NG2

As a direct consequence of Corollary 2.7, we obtain the following Corollary.

Corollary 2.8 Let G; be r-regular and G, be r,—regular. The harmonic index of
G =(G1*Gy)(ag,a0) is given by

HG)=24%2_ 1 T2
n r 2I‘2—H‘1 2I‘1—H‘2

By setting F(x,y)= /X”LX);_ 2 in Eq. (1), we easily arrive at:

Corollary 2.9 The atom bond connectivity index of G = (G, ¢G,)(a;,a,) IS given by

ABC(G) = ABC(Gy)+ ABC(Gy)— ABCG]_ (a1)— ABCG2 (a2)
0 +07 +dGl(V)—2

1
+m[2v€ NG, (al)\/ dGl V) +2ve NG, (32)\/

81+ +dg, (V) -2 |.
d62 (v)

As a direct consequence of Corollary 2.9, we obtain the following Corollary.

Corollary 2.10 Let G, be r-regular and G, be rp—regular. The atom bond connectivity
index of G = (G; ¢ Gy)(aq,a9) IS given by

~ —~ & — €& Y2 +1p=2) +4/rp(2rp +1 - 2)
ABC (G) = /(1] D! ) +.2(t D2y = .

By setting F(x,y) = ( Xy

3
J in Eq. (1), we easily arrive at:
X+y—2

Corollary 2.11 The augmented Zagreb index of G = (G, ¢G,)(a;,a,) IS given by
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AZI(G) = AZI(Gy)+AZI(Gy) - AZlg, (&) — AZIG, (ap)

de, ) A6, ) }3

3
+(51+52) ZVENGl(al){Q+52 +dGl(V)—2} +ZV€NGZ (32){51—1—52 +dGZ (V)—2

As a direct consequence of Corollary 2.11, we obtain the following Corollary.

Corollary 2.12 Let G; be r—regular and G, be r,—regular. The augmented Zagreb index
of G=(G,*Gy)(aq,ap) is given by

4 4
3 n + 2

AZI (G) = n°(er-n) N ez 1) .
2 +ry — 2)3 (2rp +n - 2)3

o1 | 8

By setting F(x,y) =@ in Eq. (1), we easily arrive at:
X+y

Corollary 2.13 The geometric—arithmetic index of G =(G; #G,)(a,ay) is given by
GA(G) =GA(Gy)+GA(G,)—GAg, (a) —GAg, (ay)

Jdg, ) Jds, ) }

3
VNG (2) 5 4 5, +dg, (V)

As a direct consequence of Corollary 2.13, we obtain the following corollary.

Corollary 2.14 Let G, be r—regular and G, be r,—regular. The geometric-arithmetic

index of G = (G, ¢ Gy)(aq,ay) is given by

(VAL OPVAL
GA(G)=el+ez—rl—r2+21/r1+r2{ V1 + 2\/_2j

2r1+r2 2r2+r1
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